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ABSTRACT

This study investigates the application of Implicit–Explicit

Runge–Kutta (IMEX-RK) methods for the numerical simulation of

air pollution tracking models. These models, governed by advec-

tion–diffusion–reaction (ADR) equations, play a vital role in predicting

the dispersion and concentration of pollutants in the atmosphere.

Conventional numerical methods often struggle to efficiently and

accurately solve ADR equations, particularly in the presence of stiff

components. The IMEX-RK framework overcomes these challenges by

treating the stiff components implicitly while handling the non-stiff

components explicitly. In this work, a class of IMEX-RK schemes is

developed and analysed, including the IMEX Trapezoidal Method

(IMEX2s2) and third-order variants (IMEX3s3). Their corresponding sta-

bility regions are also presented. Numerical simulations demonstrate

the capability of these schemes to capture pollutant transport dynamics

with high accuracy under varying advection and diffusion parameters.

Furthermore, the accuracy of the proposed IMEX-RK methods are

assessed, and results show that both IMEX2s2 and IMEX3s3 methods

accurately reproduce pollutant concentration profiles, with the IMEX3s3

scheme exhibiting superior accuracy compared to the IMEX2s2 and a

diagonal implicit Runge-Kutta method in the literature.

Keywords: Implicit-Explicit Runge-Kutta methods, Advection-Diffusion-

Reaction, Air-Pollution,Runge-Kutta methods, Rooted tree
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1 Introduction

1.1 Air pollution tracking model

The dynamics of these toxic pollutant materials over time can be tracked using math-

ematical models known as Advection-Diffusion-Reaction (ADR) equations. The ADR

is a partial differential equation that describes physical phenomena where particles, en-

ergy, or other physical quantities are transferred inside a physical system due to two

processes—diffusion and advection, see Rubin (2001). It is a mathematical model that

has been used to model the concentration of pollutants. Advection is first due to the

movement of materials from one region to another and diffusion is due to the movement

of materials from higher concentration to low concentration. ADR equations give the

amount of pollutant concentration fields after input of the velocity data from the hydro-

dynamic model which are derived from mass balances. Formally, the ADR equation is

given by:
∂φ

∂t
+∇ · (vφ) +∇ · (D∇φ) + σφ = R(φ) (1.1)

where:

• φ represents the concentration of the pollutant

• v represents the wind or drift velocity field

• D is the diffusion coefficient, and

• R(φ) is the reaction or source function that describes where the pollutant material

is generated and its power

The ADR model is a widely used PDEs for simulating the transport, diffusion and

transformation of pollutants materials in the atmosphere. An extensive application of

nonlinear PDEs in environmental fluid dynamics are discussed in Rubin (2001). Tradi-

tional numerical methods, including finite difference and finite element methods, have

been applied to solve air-pollution models. However, these methods can struggle with

the stiff nature of the equations, particularly when modelling rapid chemical reactions

or complex interactions between pollutants and meteorological factors, see Dang and

Ehrhardt (2006). Researchers from Bulgaria, Sweden and Vietnam have made notable

contributions in developing numerical method for simulating air-pollution tracking. In
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Bulgaria, Vulkov and co-workers explored operator splitting approach in tackling the

ADR equations, see Dimov et al (2017). Meanwhile, In Vietnam, Dang’s lab incorporated

optimal control to the ADR to improve the predictive capabilities with the aim of some

constraints relevant to localized environmental conditions, see Dang et al. (2007). In Swe-

den, Zlatev research group contributed to global and regional air-pollution modelling by

emphasizing the use of High-Performance computing implementations, see Georgiev et

al. (2023).

Explicit Runge-Kutta methods are widely used in the numerical simulation of time-

dependent PDEs. However, explicit methods are limited by small timestep which makes

implementation computationally expensive and may not be suitable for real-time air-

pollution calculations. Robust and innovative time-integrators have been proposed to im-

prove computational efficiency and accuracy, see Butcher (2016). Implicit-Explicit (IMEX)

schemes, which treat stiff and non-stiff components differently, have gained significant

attention. The IMEX Runge-Kutta methods have been shown to handle the challenges

posed by the advection-diffusion-reaction (ADR) equations effectively, see Asher et al.

(1997). A positivity preserving finite difference schemes for air-pollution tracking using

the ADR was developed by Habingabwa (2012). In this paper, the method of lines is used

for semi-discretization to obtain the semi-discrete formulation of the ADR. This procedure

replaces spatial partial derivatives in the ADR with symmteric difference approximations

numerically. Consequently, a large system of ordinary differential equations with one in-

dependent variable t are obtained. The semi-discrete formulation (??) arising in practical

applications is often highly nonlinear.

Recent advances in air pollution modelling have combined developments in numeri-

cal analysis, computational methods, and artificial intelligence to enhance both accuracy

and interpretability. Rodrigo Bonet (2024) proposed several graph-based deep learning

frameworks that integrate physics-guided learning and explainable AI to infer and in-

terpret pollutant dynamics more effectively. In a related direction, Salman (2024) devel-

oped advanced deep learning architectures for model emulation and uncertainty-aware

air quality forecasting, extending the use of data-driven methods in environmental mod-

elling. Using numerical analysis, Zlatev et al. (2022) focused on the efficient numerical

treatment of atmospheric chemical schemes using Implicit Runge–Kutta methods com-

bined with advanced Richardson Extrapolation, while Karátson and Kovács (2016) em-

ployed finite element approaches and parallel computation for nonlinear parabolic sys-

tems arising in pollution transport. Yang et al. (2019) modelled urban air pollution due
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to vehicular emissions using a continuum approach, solving the conservation and ad-

vection–diffusion equations with a high-order WENO and TVD Runge–Kutta scheme.

Liang et al. (2025) extended this numerical frontier with a fourth-order cut-cell method

for advection–diffusion problems involving moving boundaries, addressing discontinu-

ities through a robust cell-merging technique. Similarly, Ahmad et al. (2025) applied the

CFD tool MGLET to simulate pollutant dispersion in urban Munich, capturing complex

flow structures such as street-canyon recirculation zones. In a different but complemen-

tary study, Shettar et al. (2024) examined the role of magnetised nanoparticle aggregation

in pollutant transport across a stretching disc using the Runge–Kutta–Fehlberg method.

Finally, Wang et al. (2022) introduced a deep residual neural network emulator for gas-

phase chemical kinetics, significantly accelerating the most computationally intensive

component of global air quality models. Collectively, these studies highlight the trend

towards hybrid frameworks that combine physical modelling, numerical accuracy, and

machine learning to achieve efficient and interpretable air pollution prediction.

Conventional explicit time-integration methods are unsuitable for such problems due

to severe stability-induced restrictions on the allowable time step. Although implicit

schemes, such as Diagonally Implicit Runge–Kutta (DIRK) methods, can circumvent these

restrictions, their implementation typically requires solving the entire nonlinear system

at each step, resulting in considerable computational expense. To address this challenge,

we adopt a splitting strategy in which the system is decomposed into its stiff and non-

stiff components. An implicit–explicit Runge–Kutta (IMEX-RK) framework is then con-

structed such that the explicit part advances the non-stiff component, while the implicit

part is applied to the stiff component. This partitioning confines the nonlinear treatment

to a reduced subset of the system, thereby enhancing computational efficiency without

compromising stability.

The paper is organised as follows. Section 2 presents the preliminaries, including the

spatial discretization and semi-discrete formulation of the advection–diffusion–reaction

(ADR) equation, the IMEX time-integration framework, and the corresponding order con-

ditions. Section 3 describes the derivation of the IMEX Runge–Kutta methods, while Sec-

tion 4 discusses their stability regions. In Section 5, numerical experiments are provided

to demonstrate the performance of the proposed methods on the ADR equations. Finally,

Section 6 concludes the paper.
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2 Preliminaries

2.1 Spatial and semi-discrete formulation

Consider Ω = [0, L] × [0, L], and let u : Ω × (0,∞) → (0,∞) be the solution of (??). We

use a uniform Cartesian grid with nodes (xi, yi), where i, j = 1, . . . ,M , xi = yi = i∆x

and ∆x = L/M . This results in M2 grid points, indexed by τ = (i, j) ∈ P , with P :=

{1, . . . ,M} × {1, . . . ,M} ⊂ N2. We denote xτ := (xi, yj) and use two-dimensional unit

vectors e1 = (1, 0) and e2 = (0, 1) to refer to neighbouring grid points xτ+e1 = (xi+1, yi)

and xτ+e2 = (xi, yj+1). We define u : [0,∞) → RM2 as a solution computed at an instant t

at the grid points, where uτ (t) = u(xτ , t) for τ ∈ P , see Burger et al. (2020).

Using this notation:

• The advection component is approximated using the symmetric difference scheme:

∇ · (vϕ) = v ·
(
φτ+ei − φτ−ei

2∆x

)

• The diffusive component is approximated with the symmetric difference scheme

∇ · (D∇ϕ) = D

(
φτ+ei − 2φτ + φτ−ei

∆x2

)

Specifically, the resulting system of ODEs for v = [1, 1] takes the form

dΦ(t)

dt
=

(
− A

2∆x
Φ(t)− σΦ(t) +R(Φ)

)
− D

∆x2
Φ(t) = H(Φ)

with snapshots for matrix A and D given by Figures (??).

Figure 1: Advection and Diffusion Matrix for M = 20
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2.2 Time-integration

We seek an approximate solution to a problem that involves a variable (u) that changes

over time (t) and follows a specific rule (f), derived from the spatial discretization of the

Advection-Diffusion-Reaction (ADR) equation, which models the movement of pollutant

materials (??). This rule is generally defined by the equation:

u′ = f(u), t ≥ t0, u(t0) = u0. (2.1)

Here, we assume that f : RN → RN is a function that satisfies the Lipschitz condition.

The initial value problem is defined with the initial condition u0 ∈ RN , which is a given

vector and where Rd denotes the d-dimension real Euclidean space. It is usually assumed

that (??) has unique solution at t > 0 and that f(u) is sufficiently smooth in RN .

Our objective is to simulate the movement of pollutant materials by approximating the

solution of (??) using a class of IMEX Runge-Kutta methods. However, we first introduce

the Runge-Kutta methods as the time-integrator for solving the resulting system of initial

value problems. An s-stage Runge-Kutta (RK) method with timestep ∆t for the initial

value problem (??) is given by


Ui = un +∆t

s∑
j=1

aijf(Uj), i = 1, ..., s,

un+1 = un +∆t
s∑

i=1

bif(Ui),

(2.2)

where aij , bi, ci, i, j = 1, ..., s are real constants, tn = x0 + n∆t, ∆t is the timestep and

un ≈ u(tn), n = 0, 1, . . ..

The RK method (??) can be represented by the following Butcher tableau:

c A

bT
=

c1 a11 a12 · · · a1s

c2 a21 a22 · · · a2s
...

...
...

...

cs as1 as2 · · · ass

b1 b2 · · · bs

, (2.3)

where, b = (b1, ..., bs)
T , c = (c1, ..., cs)

T are s-dimensional vectors and A = (aij) is an s × s

matrix. When the matrix A is strictly lower triangular, i.e,. aij = 0 for all 1 ≤ i ≤ j ≤ s,

the method is explicit, otherwise it is implicit.
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Conventionally, it is assumed that Ae = c with e = (1, ..., 1)T , the s× 1 vector of units,

i.e.,

ci =
s∑

j=1

aij, i = 1, ..., s. (2.4)

Sometimes, it is convenient to compactly express the RK method (??) in block-matrix

notation U = e⊗ un +∆t(A⊗ I)f(U),

un+1 = un +∆t(bT ⊗ I)f(U),

(2.5)

where I is the d × d identity matrix, ⊗ is the Kronecker product, U = (UT
1 , ..., U

T
s )

T and

f(U) = f(U1)
T , ..., f(Us)

T )T . A RK method (??) is said to have order p if its local trunca-

tion error per step is proportional to ∆tp+1, where ∆t is the timestep.

2.3 IMEX Runge-Kutta methods

Consider the initial value problem given on the interval [t0, tend]

u′(t) = H(u(t)) = f(u) + g(u), (2.6)

where H(u(t)) composed additively of two terms f(u) and g(u). In the IMEX (Implicit-

Explicit) formulation for (??), an s-stage explicit method is applied to the non-stiff com-

ponent f , while an s-stage implicit method is applied to the stiff component g. These

methods are applied as follows:

Ui =un +∆t

i−1∑
j=1

aijf(UJ) + ∆t

i∑
j=1

âijg(Uj), (2.7a)

un+1 =un +∆t
s∑

j=1

bif(Ui) + ∆t
s∑

i=1

b̂ig(Ui), (2.7b)
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where aij , âij , bi and b̂i are constants, which can be compactly represented by the Butcher

matrix form as:

c A Â

b b̂
=

c1

c2 a21 a21 a22
...

... . . . ...
... . . .

cs as1 · · · ass−1 as1 as2 · · · ass

b1 · · · bs−1 bs b̂1 b̂2 · · · b̂s

(2.8)

.

2.4 Order conditions of IMEX Runge-Kutta methods

To derive the general order conditions, we consider un+1 as the numerical solution at

tn+∆t, obtained after one step starting from u(tn), under the local assumption that u(tn) =

un. We then compare the series expansion of un+1 with that of the exact solution u(tn+∆t).

2.4.1 Expansion of the exact solution

Assume that H (thus f(u) and g(u)) is sufficiently differentiable, its first few higher deriva-

tives, composed of elementary differentials, are given by:

u′ = H = f + g

u′′ = f ′f + f ′g + g′f + g′g

u′′′ = f ′f ′f + f ′f ′g + 2f ′g′f + 2g′f ′g + f ′′(f, f) + 2f ′′(f, g)

f ′′(g, g) + g′g′f + g′g′g + g′′(f, f) + 2g′′(f, g) + g′′(g, g)

(2.9)

where f and g and their derivatives are the short abbreviations representing that they are

evaluated at un. Observe that the expressions for higher derivatives become increasingly

very complicated. The p-series discussed in Hairer et al. (2009) introduces a special class

of bi-coloured trees. Each term of the right hand side of (??) contains elementary differ-

ential that can be associated with a class of bi-coloured trees. These trees consist of two

types of vertex: black and white, with the following rules:

• f : a terminal black vertex imply the black leaf;

• g : a terminal white vertex imply the white leaf;
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• f (k)(u): A black stem that grafts either a black or white leaf or stem with k branches

upwards;

• g(k)(u): A white stem that grafts either a black or white leaf or stem with k branches

upwards.

The exact solution up to order three is given by:

u(tn +∆t) = un +∆tH +
∆t2

2!
(f ′f ′ + f ′g + g′f + g′g)

+
∆t3

3!

 f ′f ′f + f ′f ′g + 2f ′g′f + 2g′f ′g + f ′′(f, f) + 2f ′′(f, g)

f ′′(g, g) + g′g′f + g′g′g + g′′(f, f) + 2g′′(f, g) + g′′(g, g)


+ . . . .

(2.10)

2.4.2 Expansion of the Numerical Solution

By inserting (??) in (??), and expanding in Taylor series about un, we obtain

un+1 = un +∆t
∑s

i=1 bif +∆t
∑s

i=1 b̂ig +∆t2
∑s

i=1 bi
∑i−1

j=1 aijf
′f

+∆t2
∑s

i=1 bi
∑i

j=1 âijf
′g +∆t2

∑s
i=1 b̂i

∑i−1
j=1 aijg

′f

+∆t2
∑s

i=1 b̂i
∑i

j=1 âijg
′g + . . . .

(2.11)

An IMEX RK method is said to have order three if, for sufficiently smooth problem as

defined in (??), and under the assumption that un = u(tn), the local error u(tn+∆t)−un+1

satisfies:

u(tn +∆t)− un+1 = O(∆t4). (2.12)

By comparing the exact solution in (??) with the numerical approximation in (??) and

matching the corresponding terms in their Taylor series expansions up to the third order,

the necessary conditions for the numerical method to attain third-order accuracy can be

established. These conditions ensure that the local truncation error is of order O(∆t4),

thereby guaranteeing that the global error is consistent with a third-order method. The

derivation of these conditions can be conveniently expressed through Butcher’s rooted

tree formalism, which provides a systematic framework for representing and analysing

the order conditions of Runge–Kutta-type schemes using P-trees (see Hairer et al., 2009).

The resulting order conditions are summarised in the following theorem.
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[Order Conditions] The IMEX RK method is of order 3 if the conditions in Tables ?? to

?? are satisfied.

Tree (τ ) ρ(τ) F(τ)(un) Order condition(s) No.

1 f
s∑

i=1
bi = 1 1

2 f ′f
s∑

i=1
bi

i−1∑
j=1

aij = 1
2

2

3 f ′f ′f
s∑

i=1
bi

i−1∑
j=1

aij

i−1∑
j=1

ajk = 1
6

3

4 f ′′(f, f)
s∑

i=1
bi

(
i−1∑
j=1

aij

)2

= 1
3

4

Table 1: Rooted trees for the explicit method with black root

Tree (τ ) ρ(τ) F(τ)(un) Order condition(s) No.

1 g
s∑

i=1
b̂i = 1 1

2 g′g
s∑

i=1
b̂i

i∑
j=1

âij = 1
2

2

3 g′g′g
s∑

i=1
b̂i

i∑
j=1

âij

i∑
j=1

âjk = 1
6

3

4 g′′(g, g)
s∑

i=1
b̂i

(
i∑

j=1
âij

)2

= 1
3

4

Table 2: Rooted trees for the implicit method with white root
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Tree (τ ) ρ(τ) F(τ)(un) Order condition(s) No.

2 f ′g
s∑

i=1
bi

i∑
i=1

âij = 1
2

1

3 f ′f ′g
s∑

i=1
bi

i−1∑
j=1

aij

i∑
j=1

âjk = 1
6

2

3 f ′g′f
s∑

i=1
bi

i∑
j=1

âij

i−1∑
j=1

ajk = 1
6

3

3 f ′g′g
s∑

i=1
bi

i∑
j=1

âij

i∑
j=1

âjk = 1
6

4

3 f ′′(f, g)
s∑

i=1
bi

i−1∑
j=1

aij

i∑
j=1

âij = 1
3

5

3 f ′′(g, g)
s∑

i=1
bi

(
i∑

j=1
âij

)2

= 1
3

6

Table 3: Rooted trees for the coupling conditions with black trees

Tree (τ ) ρ(τ) F(τ)(un) Order condition(s) No.

2 g′f
s∑

i=1
b̂i

i−1∑
j=1

aij = 1
2

7

3 g′g′f
s∑

i=1
b̂i

i∑
j=1

âij

i−1∑
j=1

ajk = 1
6

8

3 g′f ′g
s∑

i=1
b̂i

i−1∑
j=1

aij

i∑
j=1

âjk = 1
6

9

3 g′f ′f
s∑

i=1
b̂i

i−1∑
j=1

aij

i−1∑
j=1

ajk = 1
6

10

3 g′′(g, f)
s∑

i=1
b̂i

i∑
j=1

âij

i−1∑
j=1

aij = 1
3

11

3 g′′(f, f)
s∑

i=1
b̂i

(
i∑

j=1
aij

)2

= 1
3

12

Table 4: Rooted trees for the coupling conditions with white trees

We remark here that as the order of the method increases, the number of order condi-

tions increases rapidly and for this reason, we use the simplest simplifying assumptions∑i−1
j=1 aij = ci and

∑i
j=1 âij = ci for the explicit and implicit parts, respectively. It is ex-

pected that the order conditions is reduced significantly to enable the easy determination

of coefficients as used in the next section for the construction of the methods.
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3 Construction of the time-integrators

3.1 IMEX Trapezoidal Method (IMEX2s2)

In this subsection, we present the derivation of the IMEX Trapezoidal Method. The

Butcher tableau for this method takes the form

0 0 0 0 0

c2 a21 0 â21 â22

b1 b2 b̂1 b̂2.

To ensure that the method achoeves, the order conditions for the explicit component

are given by

b1 + b2 = 1, (3.1a)

b1c1 + b2c2 =
1

2
. (3.1b)

By taking c1 = 0, we solve (??) and (??) for b1 and b2 to obtain

b1 = 1− 1

2c2
, b2 =

1

2c2
. (3.2)

Similarly, for the implicit component of the IMEX Trapezoidal method, the necessary

order conditions are:

b̂1 + b̂2 = 1, (3.3a)

b̂1c1 + b̂2c2 =
1

2
. (3.3b)

Solving these equations for b̂1 and b̂2 using (??) and (??), we obtain

b̂1 =
1

2

(
1− 2c2
c1 − c2

)
, b̂2 =

1

2

(
2c1 − 1

c1 − c2

)
. (3.4)

We update the Butcher’s tableau with the newly derived values

Choosing c2 = 1 and â21 =
1

2
, we derive the IMEX Trapezoidal Runge-Kutta method,

Koto (2008), which is represented by the following Butcher tableau:
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0 0 0 0 0

c2 c2 0 â21 c2 − â21

1− 1

2c2

1

2c2

1

2

(
1− c2
c1 − c2

)
1

2

(
2c1 − 1

c1 − c2

) .

0 0 0 0 0

1 1 0 1
2

1
2

1
2

1
2

1
2

1
2

.

3.2 3-stage third order methods (IMEX3s3)

We will now derive a three stage 3-stage, third order IMEX Runge-Kutta methods, de-

noted as IMEX3s3. The coefficients of both the implicit and explicit parts of the scheme are

represented using the Butcher tableau:

c1

c2 a21 â21 â22

c3 a31 a32 â31 â32 â33

b1 b2 b3 b̂1 b̂2 b̂3

.

Let c1 = 0, the third order conditions for the explicit component of the IMEX3s3 are

given by the following equations:

b1 + b2 + b3 = 1, (3.5a)

b2c2 + b3c3 =
1

2
, (3.5b)

b3a32c2 =
1

6
, (3.5c)

b2c
2
2 + b3c

2
3 =

1

3
. (3.5d)

To simplify the construction, we employ the simplifying assumptions

i−1∑
j=1

aij = ci, (3.6)

which ensure consistency between the stage coefficients and the abscissae.

We first solve (??) and (??) simultaneously for b2 and b3 to obtain

b2 =
1

6

(
2− 3c3

c2(c2 − c3)

)
, b3 =

1

6

(
3c2 − 2

c3(c2 − c3)

)
. (3.7)
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Substituting b2 and b3 into (??) to find b1, gives

b1 =
1

6

(
6c2c3 − 3c2 − 3c3 + 2

c3c2

)
. (3.8)

Next, from (??), we find a32:

a32 =
c3(c2 − c3)

(3c2 − 2)c2
. (3.9)

Using the simplifying assumption (??) for i = 3, we obtain

a31 =
c3(3c

2
2 − 3c2 + c3)

3c22 − 2c2
. (3.10)

Similarly, the order conditions for the implicit component of the IMEX3s3 are listed as

follows:

b̂1 + b̂2 + b̂3 = 1, (3.11a)

b̂2c2 + b̂3c3 =
1

2
, (3.11b)

b̂2â22c2 + b̂3â32c2 + b̂3â33c3 =
1

6
, (3.11c)

b̂2c
2
2 + b̂3c

2
3 =

1

3
, (3.11d)

with the simplifying assumptions
i∑

i=1

âij = ci, i = 1, 2, 3.

Solving (??) and (??) simultaneously yields

b̂2 =
1

6

(
2− 3c3

(c2 − c3)c2

)
, b̂3 =

1

6

(
3c2 − 2

c3(c2 − c3)

)
. (3.12)

Substituting b̂2 and b̂3 into (??) gives

b̂1 =
1

6

(
6c2c3 − 3c2 − 3c3 + 2

c3c2

)
. (3.13)

Using the simplifying assumption, substituting b̂1, b̂2 and b̂3 in (??) and (??) allows us to

determine â32 and â33 given by

â32 =
c3(−3â21c3 + 3â31c2 + 2â21 − 2â31 − c2 + c3)

(−2 + 3c2)(c2 − c3)
,

â33 =
(3c3 − 3â31)c

2
2 + (−3c23 + 2â31 − c3)c2 + (3â21 + 1)c23 − 2c23â21

(−2 + 3c2)(c2 − c3)
.
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Next, we consider the coupling conditions based on the simplifying assumptions and

require that the coefficients obtained so far satisfies the following:

b2â22c2 + b3â32c2 + b3â33c3 =
1

6
, (3.15a)

b̂2a22c2 + b̂3a32c2 + b̂3a33c3 =
1

6
. (3.15b)

Fortunately, these coupling conditions are automatically satisfied by the coefficients

that fulfil the order conditions of both the explicit and implicit parts. Hence, we therefore

proceed to construct specific methods based on the choice of the quadrature nodes, see

Koto (2008).

Equal Quadratures: c2 =
1

2
, c3 = 1 (IMEX3s3a)

Choosing equal quadratures c2 =
1

2
, c3 = 1, â21 = −

√
3

6
and â31 =

3

2
+

5

6

√
3 results in a

three-stage IMEX Runge-Kutta method represented by the Butcher’s tableau

0 0 0 0 0 0 0

1

2

1

2
0 0

−β

2

1 + β

2
0

1 −1 2 0
3 + 5β

2
−(1 + 3β)

1 + β

2

1

6

2

3

1

3

1

6

2

3

1

6
,

β =

√
3

3
(3.16)

This method will be referred to as IMEX3s3a.
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Symmetric Quadratures: c3 = 1− c2 (IMEX3s3b)

Choosing symmetric quadratures with c2 =
3 +

√
6

6
, c3 = 1− c2, â21 = 0 and â31 = 1− 2c2

results in a three-stage IMEX Runge-Kutta method represented by the Butcher’s tableau:

0 0 0 0 0 0 0

γ γ 0 0 0 γ 0

1− γ γ − 1 2(1− γ) 0 0 1− 2γ γ

0
1

2

1

2
0

1

2

1

2
,

γ =
3 +

√
3

6
(3.17)

This method will be referred to as IMEX3s3b.

4 Stability region of the IMEX Runge-Kutta Methods

The asymptotic behaviour of numerical solutions to the equation (??) is examined as pre-

sented in Koto (2008) for the scalar test equation

du

dt
= µu+ λu. (4.1)

Applying the IMEX scheme to the test equation (??) results in

Un = un +∆tµAUn +∆tλÂUn, (4.2)

un+1 = un +∆tµbTUn +∆tλb̂TUn, (4.3)

where Un ∈ Cs is an intermediate variable. Solving yields the difference equation

un+1 = R(α, z)un, α = ∆tλ, z = ∆tµ (4.4)

where R(α, z) is defined by

R(α, z) =
det(I − zA− αÂ+ zbT I + αb̂I)

det(I − αA)
. (4.5)

The function R(α, z) serves as analogue of the stability function of the usual Runge-Kutta

method. [Stability of IMEX Runge-Kutta method] Let R(α, z) denote the stability function
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associated with an IMEX Runge-Kutta method. The stability region of the method is

defined as

S = (α, z) ∈ C2 : | R(α, z)| < 1. (4.6)

This region comprises all pairs of parameters (α, z) for which the numerical solution

remains bounded as the computation proceeds. The geometric structure of this region

in the complex plane is generally difficult to visualize. However, for problems, where

the eigenvalues of the Jacobian of the f and g are both real, the asymptotic behaviour of

numerical solutions is characterized by the restricted region:

Sreal = S ∩ R2 (4.7)

which is easily visualized.

We present in Figure ??, the stability plots for all the derived methods in the [−10, 10]2

region.

Figure 2: Stability Plot for IMEX2s2, IMEX3s3a and IMEX3s3b

5 Numerical results

Consider a factory located at the center of a 15km by 15km domain. The pollutants,

emitted into the atmosphere are influenced by wind speed, random molecular motion,

removal (σ) and chemical decay for the reaction term. To study these dynamics, we ex-

amine various scenarios that highlight the influence of the parameters of the ADR model

(??). Specifically, we investigate how diffusion, drift velocity and reaction rates affects the

time evolution of the polluted zones.

For this purpose, we simulate the ADR on a uniform grid of size of (M = 5). The

computational domain us rectangular and two-dimensional, representing the dispersion

of pollutants emitted from a point source located at the centre. The pollutant cocentration
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is modelled by the ADR equations with the following parameters:

• Advection velocities: vkm/hr

• Diffusion coefficients: Dkm2/hr

• Reaction rate: (R(u) = −λu), (λhr−1)

• Transformation coefficient: (σu), (σkm−1)

We solve the problem on Ω = [0, 15km] × [0, 15km], with the initial pollutant con-

centration represented by a Gaussian pulse u0 = exp(−(x − M/2)2 + (y − M/2)2) at

the centre of the domain and zero flux at all boundaries to prevent artificial inflow or

outflow of pollutants. The accuracy of the methods are investigated using timesteps

∆t = 1
2j×100

, j = 0, 1, 2, 3. Results are compared across all IMEX Runge-Kutta meth-

ods derived in section ?? and with a third-order DIRK method proposed in Kennedy and

Carpenter (2019).

5.1 Accuracy

The numerical experiments obtained across all the methods are presented in Table ??,

which reports the maximum global error for different timesteps (∆t).

ESDIRK4s3 IMEX2s2 IMEX3s3a IMEX3s3b

∆t ∥u− un∥∞ ∥u− un∥∞ ∥u− un∥∞ ∥u− un∥∞
1

100
3.15× 10−1 3.11× 10−4 2.08× 10−6 2.08× 10−6

1
200

1.28× 10−1 7.76× 10−5 2.61× 10−7 2.61× 10−7

1
400

5.76× 10−2 1.94× 10−5 3.26× 10−8 3.26× 10−8

1
800

2.74× 10−2 4.84× 10−6 4.07× 10−9 4.07× 10−9

Table 5: Maximum global error for all the methods

As shown in Table ??, the ESDIRK4s3 method consistently produces the largest global

errors, indicating the lowest level of accuracy among the schemes tested. The IMEX2s2

method performs moderately better, achieving noticeable improvements in accuracy across

all time step sizes.

In contrast, the IMEX3s3a and IMEX3s3b methods exhibit superior accuracy, maintain-

ing error levels that are several orders of magnitude smaller than those of the other

schemes. Interestingly, both IMEX3s3a and IMEX3s3b yield identical numerical results for
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all the tested time step sizes, suggesting that the two variants are functionally equivalent

in terms of their accuracy.

These results demonstrate the effectiveness of the proposed third-order IMEX Runge–Kutta

methods in producing highly accurate solutions even with relatively large time steps,

thereby confirming their suitability for solving ADR problems efficiently.

5.2 Numerical Simulation and estimation of pollutant concentration

Finally, we present some simulation results to investigate the effect of the diffusion pa-

rameter D.

Influence of drift-velocity and diffusion

Figure 3: The evolution of the pollutant zones with low diffusion coefficients D =
0.02km2/hr and low dirft-velocity v = [1, 1]. The polluted zones at the initial time t = 0
and t = 5.09hr

Figure 4: The evolution of the pollutant zones with low diffusion coefficients D =
0.02km2/hr and mixed drift-velocity v = [1, 5]. The polluted zones at the initial time
t = 0hr and t = 1.16hr
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Figure 5: The evolution of the pollutant zones with low diffusion coefficients D =
0.02km2/hr and mixed drift-velocity v = [5, 5]. The polluted zones at the initial time
t = 0hr and t = 1.08hr

Figure 6: The evolution of the pollutant zones with low diffusion coefficients D =
0.06km2/hr and low dirft-velocity v = [1, 1]. The polluted zones at the initial time t = 0
and t = 1.68hr

Figure 7: The evolution of the pollutant zones with low diffusion coefficients D =
0.06km2/hr and mixed drift-velocity v = [1, 5]. The polluted zones at the initial time
t = 0hr and t = 1.16hr

Influence of reaction rate and transformation coefficients
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Figure 8: The evolution of the pollutant zones with low diffusion coefficients D =
0.06km2/hr and mixed drift-velocity v = [5, 5]. The polluted zones at the initial time
t = 0hr and t = 1.18hr

Figure 9: The evolution of the pollutant zones λ = 0.02 and σ = 2. The polluted zones at
the initial time t = 0hr and t = 1.10hr

Figure 10: The evolution of the pollutant zones λ = 2 and σ = 0.02. The polluted zones at
the initial time t = 0hr and t = 1.14hr

This subsection has successfully demonstrated the transport and diffusion of pollu-

tants from their initial state to the final time step, taking into account removal and decay

parameters of the reaction term. The simulations clearly illustrate how these parameters

influence the spatial and temporal evolution of pollutant concentration within the do-

main. The graphical results reveal the dynamic behaviour of the pollutants as they are

advected, diffused, and transformed under different environmental conditions. These
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Figure 11: The evolution of the pollutant zones λ = 0.02 and σ = 0.02. The polluted zones
at the initial time t = 0hr and t = t = 1.10hr

findings confirm that the proposed numerical scheme is capable of accurately capturing

and tracking the movement and dispersion of pollutants over time, thereby providing

valuable insights into how diffusion, advection, and reaction processes interact in air-

pollution modelling.

6 Conclusion

This study has presented the development and analysis of efficient Implicit–Explicit (IMEX)

Runge–Kutta time-integrators for the numerical simulation of air pollution tracking mod-

els governed by advection–diffusion–reaction equations. mathematical model for air-

pollution tracking incorporating transport, diffusion, and chemical transformation pro-

cesses was introduced. The construction of IMEX schemes: the two-stage second-order

IMEX Trapezoidal method (IMEX2s2) and the three-stage third-order method (IMEX3s3),

guided by order and coupling conditions ensuring accuracy and consistency between the

explicit and implicit components.

The stability region of the methods were presented. Numerical experiments demon-

strated that both IMEX2s2 and IMEX3s3 accurately reproduced pollutant concentration

profiles, with IMEX3s3 showing enhanced accuracy relative to the IMEX2s2 and ESDIRK4s3

method presented in Kennedy and Carpenter (2019). The results confirmed that the pro-

posed IMEX schemes effectively capture the temporal evolution and spatial distribution

of pollutants under varying physical and chemical conditions.

Overall, the work provides a computationally efficient framework for real-time air

pollution tracking and concentration estimation. The proposed IMEX Runge–Kutta meth-

ods can be integrated with data-driven air-quality monitoring platforms to support envi-

ronmental decision-making and policy development. Future work will focus on incorpo-
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rating air-pollution data, applying appropriate boundary conditions in three dimensions,

and enhancing the implementation of the implicit component using Newton’s technique

for more efficient numerical urban air-quality dynamics.
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