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INTRODUCTION

Measles, a highly contagious viral infection affecting the respiratory system and causing
systemic symptoms, presents a challenge to public health globally. To address the pervasive
impact of this disease, diverse control strategies have been deployed, with vaccination playing a
pivotal role (Kolawole et al., 2020). Vaccination efforts have demonstrated success in curtailing
the burden of measles in numerous regions, yet the effectiveness of these initiatives can vary
markedly depending on local circumstances and the availability of treatment resources (Kolawole
et al, 2020). Undertaking a comprehensive analysis of the efficacy of vaccination as a central
component of measles control in settings where treatment resources are already strained.
Specifically, we incorporate a saturated treatment function into our examination to capture the
intricate relationship between vaccination and treatment amidst limited resources and
heightened disease prevalence (Castillo et al., 2002). Measles, an infection characterized by fever,
cough, runny nose, conjunctivitis, and a distinctive rash, has had a profound impact on human
health throughout history (Wusu et al.,, 2022). This disease, primarily caused by the measles virus,
can spread rapidly, leading to severe illness, complications such as pneumonia, encephalitis, and
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in some cases, fatalities (Mutairu et al., 2022; Mutairu et al., 2023). Over time, various measures
have been employed to combat its devastating effects, with vaccination emerging as a crucial
intervention in the ongoing battle against measles (Mutairu et al., 2023). Control strategies
typically encompass a spectrum of interventions, including vaccination campaigns, surveillance,
and public health measures, all of which have played a vital role in saving lives and preventing
outbreaks. However, the challenge escalates when disease incidence surpasses the capacity of
available treatment resources (Mutairu et al., 2023a; Mutairu et al., 2023b; Mutairu et al., 2023c;
WHO, 2020; Bozkurt et al, 2021). In conditions of high-treatment saturation, the role of
vaccination becomes particularly pivotal, as it can alleviate the overall disease burden and
alleviate strain on overwhelmed healthcare systems (Ayoola et al., 2022). There is a pressing need
to gain deeper insights into the dynamics of vaccination in scenarios where treatment resources
are stretched thin (Ferguson etal., 2022; Agusto and Leite, 2017). Through a systematic evaluation
of vaccination efficacy in high-treatment saturation conditions, we aim to provide valuable
insights that can inform more effective and efficient measles control strategies (Dejongh, 2021).
The conditions may be prevalent in resource-limited or conflict-affected regions, making our
research particularly pertinent to areas where healthcare infrastructure is already under strain
(Asamoah et al,, 2018). Measles is transmitted primarily through respiratory droplets and direct
contact, with potential for widespread dissemination in susceptible populations. The
consequences of infection can be severe, including complications such as pneumonia, encephalitis,
and death (Ayoola et al., 2022). Efforts to control measles have historically relied on a combination
of strategies, including vaccination campaigns, early diagnosis, and public health interventions
(Castillo et al.,, 2018). These measures encounter challenges when disease incidence exceeds the
healthcare system's treatment capacity. In such scenarios, vaccination emerges as a critical tool
for reducing disease burden and preventing outbreaks (Bhandari et al., 2023). This research
scrutinizes the effectiveness of vaccination in settings where treatment resources are saturated.
By integrating a saturated treatment function, we seek to illuminate the intricate interplay
between vaccination and treatment under these demanding circumstances of age structured base
measles disease.

MATERIALS AND METHOD

Model formulation

A deterministic mathematical model based on the epidemiological status of population of
members that describes the dynamics of measles transmission. The total population N (t) divides
into some compartmental classes for a disease-modification as sub-population into susceptible S
(t) for children and adult, exposed E (t), infected I (t), and recovered R (t) individuals. The
migration/recruitment into the sub-populations that are vulnerable are measured at a rate of A,
while transmission of measles is at d . The respective classes are subjected to natural death #,
exposed individuals have disease-induced mortality rate & . Population of vulnerable individuals
are infected at #Z whose fraction are fats developing in infection at a rate of # and infected
individuals recover at a rate of 7 .The set of individual children that are healed from the disease
class through growth/development are converted to adults by ™ and each proportion of these
successively vaccinated individuals are done by birth at V. The model formulation flow therefore
depicts is given by fig.1.
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A= i

Fig 1: Schematic flow of model description.

S AN -2 s - s,

dSa ZmSc_w_pﬁSal _:usa

dt N 1)
dE  (1-p)B(S. +5.)I

—= 2~ —(0+u)E

™ N (6+u)

=+ pB(S 48 ~(r+ 4 )

dR

O™ _ AN+ 4 — 4R

pm A—u

Subject to the following initial conditions

Consider 0SV<1ang 0<SM<L \ypep VM =0 susceptible population are not vaccinated as
S.(0)=s,,S, =s,,E(0)=¢,,1(0)=i,,R(0)=r, >0

The existence of the model solution

The parameters of the system (1), which characterizes an epidemic disease in a human
population, ought to be nonnegative. Showing that the state variables in the model are nonnegative
is crucial to ensuring that the system of differential equations in (1) is well posed both
mathematically and epidemiologically. When the system begins with nonnegative beginning
conditions, system (1) is well-posed.
S:(0)=5,.5.(0)=s,, E(0)=¢&,,1(0)=i,, R(0)=1, 20 ; In that case, the solutions of
system (1) will persist in being nonnegative throughout their evolution, t > O and that these
positive solutions are bounded. We thus apply the following theorems.
Theorem 1

)
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All solutions of system (1) are bounded.
Proof:

Consider the total population

N(t) =S (t)+S, (t) + E(t) + I(t) + R(t)

@)
The variation in the total population concerning time is given by:
dN() d
MO _ L (s, )+, 0 +EO+ 10+ RE)
dt dt 4)
Such that
dN(t dN(t
J:A—y(8+V+E+|+R)—a = ()SA—,uN
Thus, it is obtained that
A
M—i—yNSA N(t)e” =—e* +c
dt , leading to H
(®)
Initially,
N(0) = AL geuo
H , this yields
c=N(@) -2
H (6)
Thus, substituting (6) into (5) as time progressively increases yields:
. .| A A A
!lm N(t) < !lm{— + (N(O) ——je”‘} ==
H H H @)
N@©) =2 N =2 . P . .
If so #«  then «< . This is a positive invariant set under the flow described by

3% 3}
(2) so that no solution path leaves through any boundary R Hence, it is sufficient to consider

the dynamics of the model in the domain R this region the model can be considered has
been mathematically and epidemiologically well-posed.

This shows that the total population N (t and the subpopulation S E(®. 1(t), R(1) of the
model are bounded and is a unique solution. Hence, its applicability to study physical systems is

feasible.
R
Positivity and boundedness ~ "+

Theorem 2
Given that the
then the solutions Se (). Sa (). E(©). 1(t). R(t) of the system (1) will always be nonnegative.

Consider the compartment of the system of equations for case (1) on the population, as obtained.

s.(0)=s,>0,5,(0)=s, >0,E(0)=¢e, >0,1(0)=i, >0,R(0)=r, >0

Proof:

Let:T1 = {(sc (). S.(t), E®),1(1),R®))e M3 : N(t) < é} ®)
)71

and fi-1=22..5ywhere f isa constant.

641



Ethiop ] Nat Comp Sci 2024, Volume 4, [ssue 2

= A@-WN - S5 s 1 (s s,
f2 :msc _%_pﬂsal —,LlSa
fsz(l_p)ﬂ(’\?c +Sa)| _(5+#)E

f, =B +pB(S, +S)I —(y +u+d)l
fo =AVN + 4 + 4R

, €)
Then,
N1 p)eme ) <on o] o] < o0 =|0|< Ml p)+ pp| <o <[ <o0
ds, ds, dR
of of, EW of,
di |M<x>da W-p+pﬂ+M<w =0 <0, =2| =|(1- p) + ppB| < 0, dR|O|<oo
of éﬁ of,
ng =|a- p)ﬂ|<oo —|(1 p)ﬂ|<oo =[] <o = A= p)Bl <oy 21 =[0] <0
8f of, of,
L) || <o) 2| = | <o T <o < ‘ |p,8+(d+,u+7/)|<oo‘dR /<o

8f5 of, af
|10 <o S| o <o el =l <o e = <o O =l <o

i s, 'R )

Equation (10) demonstrates the presence of system (1) within the positive quadrant, leading
it to ultimately enter and persist in the attracting subset IT, Consequently, the set comprises both
the local and global attractors of system (1). As a result, the set is characterized as compact,
positively invariant, and attractively influential with respect to the system. The solution of the

model is bounded, well-posed and epidemiologically and mathematical represented.
Measles-non-Infected Equilibrium State

The measles-non-infected equilibrium state represents a scenario in which the system is
entirely free from the contagious disease. Consequently, when the number of infected individuals

(I), it follows that the numbers of exposed (E) and recovered (R), i.e. I=E=0 . In this context,
the solution for the measles-free equilibrium point can be derived as follows:

ds

.S, _dE_dI _GR_
dt  dt dt dt dt

(11)
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AL-V)N —%—pﬁscl —(m+)S, =0
mSc _%_pﬂsal —,uSa =0
(1_p)ﬂ(l\?c +Sa)| —(5+IU)E=0

E+ppS,+S ) —(y+u+d)I =0
AN +4A + uR=0

(12)
At no outbreak of measles the disease class subjected ast = 0, from (12),
R=AN 5, =A@V mAa-yN]
AN + 4 +R=0 H - similarly, (M+4) here p(m + 1)
Thus, the disease-free equilibrium yields:
(S:.5.,E/1LR) =[SC AN o MALINT e o1, -0, =MJ
(m+ 42) p(m+ ) H
(13)

Steady-State Prevalence

(S.,S,,E,IL,R)

Measles prevalence on at 7&0, highlighting its dynamic nature.to

measure vital role on its outbreaks and protect the population. Let
E,=(S, .S, ,E,I",R)
equilibrium points are:
s A=) J(L=V)(d + 7+ sV (+ 7+ O) BIN(LV)’TAVN + (s + 7 +8) B T+ V[A(u+ 7 + 8) AvyB+0)]
: p(d+ )ty +8)(+y+6)+(1-V)]
g« = AU=VINB(BANN ~Dp+p” +(y+d)u+(Np+p(d +y + 1))
) A+ + S)A-V)(d + )+ +8) + (L-2)]
e BnAl-e)+ (S +y+p)’
PBA(D +V -+ 2)(8 + ) + (L) VoA
o= @VIIAVS( + ) +(ury +8)p%] - J(d+u+68)S+p)
[ (d + 1) + (1-V)] A=) (y+u+5)Ap

at steady state I =0 . Consider the system of equation in (1) the

(14)

R =(1—V)‘1\/ [(r + s+ S)oy +d]A*pu+ pu?
(d+u+6)y+u+8)d+u+5)

The disease threshold R.

The disease threshold/basic reproduction number, denoted as R~ , measures the potential for
new measles infections from a single carrier or infected individual in a population with no prior
infections. To determine the system (1), we apply the next-generation method, focusing on the
infectious classes E and I. This involves calculating the F and V matrices, representing the rates of
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new infections and transitions into and out of the infected compartment, respectively. From the
equations in the system (1), we derive these matrices as follows. R.=p(M —A1) where

-1 _
M =FxV ™ 3nq P is the spectral radius of the matrix |G-l |

From the system of equation (1) it is obtained for matrix F andV :

F :{M] v, :[avi(xi)j
axj 8Xj

(15)
Such that
‘_ (1-p)B(S, +S,) V:( (6+u)E j
0 ang T ELABE+S )+ (y+prd)]l
(16)
Then,
(l_p)ﬁ(sc +Sa)
F-|0 N V:(5+M 0
0 0 _6 pﬂ(sc+sa)+(7/+ﬂ+d)
(d+u+y)-pB(S, +S,) o
vz | @ru+sy)d+p)-pBS.+S,) (d+u+y)d+u)—pB(S, +3,)
0 (d + p)
(d+u+y)d+u)—pB(S, +S,)
(17)
Thus, the R~ is obtained as
(d+ﬂ+}/)_pﬂ(sc+sa) 5
o |0 RO S (A ) - pB(S, +5,) @+t ) + 1) pB(S, +,)
o N 0 (d +p)
(d+u+y)d+u)-pB(S. +S,)
o A= p)A(@-V)N)s
(6 +)[(ed + 1 + py) — pB(AQL-V)N] (18)

Quantitative Analysis of R,

Here, we conduct a quantitative analysis of R. to assess its metric progression concerning
each intervention method. By excluding the values of intervention parameters, we assess equation
(18) using the baseline values provided in Table 1, yielding equation (18), subsequently resulting
in equations (19) through (23). The outcomes of these calculations are presented in Table 2.

0.1(1- p)(0.542(0.018+V)p, +0.056+ (0.42)1-V)A3-0.09d)
(0.024+0.018p)(0.056+0.03r))

R, =
(19)
R, = f(p, )70 =-1.3097y +1.486

p:=0
(20)
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0.0057
R, = f(r)|V290 =
ny  0.021A+0.0856
(21)
0.077(0.06+0.5
Rg = f(pZXc:,o = ( lpZ)
P 0.925+0.92u
(22)
R, = f(c)=8 =1.3375-1.46v
p=0 (23)
Table II: standalone metric of vaccination and ieneral awareness on R,
sin P A O d Rg sih P A o d Rg
1 0 0 0 0 1.3635 1 0 0 0 0 1.47265
2 0 0 0 0.2 1.9484 2 0.2 0.2 0.2 0.2 1.36305
3 0 0 0 0.4 0.4763 3 0.4 04 04 0.4 0.98381
4 0 0 0 0.6 0.6723 4 0.6 06 0.6 0.6 0.09836
5 0 0 0 0.8 0.4484 5 0.8 0.8 0.8 0.8 0.73639
6 0 0 0 1.0 0.1441 6 1 1 1 1 0.93411
R

Table III: standalone metric of therapy efficacy and combine metric of all interventions on "=
Asymptotic stability of the disease-free state

This section examines the stability of the disease-free state for measles by analyzing the basic
reproduction number's impact. When the reproduction number is R~ <1, the disease declines,
and we determine stability using a Jacobian matrix and a characteristic equation.

Theorem 3
The disease-free state of the model is locally asymptotically Stable R~ <1 meanwhile it is
unstable if the basic reproduction R~ >1

Proof:

Consider that the disease-free equilibrium is obtained as the Jacobian matrix of the system of
(1) is obtained and evaluated at the disease free-state using the linearization method obtaining

J.—-AU|=0 . . Lo
that | E | . The resulting matrix from the compartments of the model formulation is

obtained from respective derivatives of the state parameters as;
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—mip) 0 0 _{(1—p)ﬂAN(1—V)+pﬁANm(1—V)}
N(m+ ) p(m+ p2)
m u 0 {(1—p)mAN (L-v), AAN (1—v)}
Je) = Ng(m + z2) N(m+ )
1 0 0 —(5+u) {pﬂAN -, ANm(l—v)}
(M+u) w(m+ 1)
o 0 ~(d+p+7) 0
0 0 0 y )
Computing for the eigenvalues, ‘JEl _li I‘ =0 for each respective ﬂi i=1.5
Smem)-i 0 0 _{(l—p)ﬁAN(l—v) +pﬂANm(1—v)} .
N(m+u) p(m+ z1)
mo -u-i 0 {(1—p>mAN<1—v) +/%\N(l—v)} 0
Nz(m + 1) N(m+ 1) 0
0 0 —(5+u)-2 {pﬁAN(l—v) . ANm(l—v)}
M+p)  p(m+p)
0 d ~(d+u+y)-2 0
0 0 y Cp-4 :
as obtained:
PPAN(L-v) ANm(L-v) . )
%:-(mw),ﬂ:—ﬂ,i:-(d+ﬂ+y)y_(5+u) { (m+ p) ' y(m+y)]ﬂf{pﬂ(ﬁr\anlﬂ)vhALN(E(;\)I)}
Y (d+uty)
Ay =~(0+ ) (25)

The eigenvalues are negatively invariant in the region 9% for each % = © are hence the
system of (20) is locally asymptotically stable.

Regional Resilience of the Persistent Equilibrium
Theorem 4

The regional resilience of the persistent equilibrium of the model is locally asymptotically

stable whenever R~ <21and unstable respectively when each of its eigenvalues of the matrix is
A>0

Proof:

Suppose,sc =x+S.",S,=y+S,",E=z+E", Il =p+1",R=g+R"

Linearizing equation (1), is then obtained as
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% =—(1- p) pXp— ppxp—(m— u)x+ higher order + nonlinear terms...
% =mx—(1- p) fyp— pPyp— py + higher order + nonlinear terms...
% =(1-p)pxp+yp— (& + u)z +higher order + nonlinear terms...
% =0+ pPB(x+y)p—(d+ u+y)p~+higher order+ nonlinear terms...
2—? = 0 — 1 + Higher order + nonlinear terms...
1
(26)
Jacobian matrix of the system of (26),
- 1-
_[ pBAMN (L v)] 0 0 _U=pfs, | 5, 0
p(m+ ) N
1- 1-
{( 'il)ﬂs°+p8c+l4 0 ( ’;l)ﬂsupsa 0
A Jii L-p)S, P,
1- 1- -0+ + 0
A-p) A-p) (J-+4) N N
A pb 6 ~ld+u+y)-pBE,+S)1 0
0 0 0 Y4 - U
(27)
~[@~2pBp—m~ )] 0 0 ~2pp 0
m -[A-2pBp-p)] O 2pB 0
L= p)fp p ~(5+ 4) 0 0
PP PP o ~ld+uty)-pBx+y)] 0
0 0 0 Y - u

The resulting eigenvalue of the above matrix is obtained as;
pPAMN (L -v). (- p)BS,
[ 1+1
p(m+ u) N

+pf+ u]l+ (0 + )+ (d +u+7)—pﬂ(5c+sa)]+/lj

(28)
The trace of J(E.) <O . Thus, the Jacobian matrix J(Eo) has eigenvalues that contains
negative root parts. Therefore, we conclude that the endemic equilibrium point is locally

asymptotically stable.Hence, the persistent resilience of the model in a region are asymptotically
stable.
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Global stability of disease free equilibrium
We employing Lyapunov's function approach, to establish the global asymptotic stability of
the model solution for equation (1) at the disease free equilibrium, utilizing the Lyapunov

algorithm
@(t,S,,S,,E, I,R)=C,l, +C,I,

%? =C,I; +C,1; :Cl((l_p)ﬂ(srilz +S,1,)

(29)
_(5+ﬂ)|1j+cz(é]1+/0ﬁ(sclz+Sa|2)_(d+7+ﬂ)|2)

1- p) /5, | 1- p) /5,1
= WL ¢ BoPBele (51 sl +C.0, 4 CopB(S. 1, +5,1) ~Cld 4 A,

SC{(l—p)ﬂsclz L 4=p)p,1,

N N —(5+u))|1+02(5‘1+p,3(5c|2+5a|2)—(d+7+ﬂ))|2

MN-e)  , _ N c _lorutr) ¢ :((7i+ﬂ+5)(l+a)]

(@-&)(A+v+u)+e) " (e-DUA+v+m+o) " (c+u+y,) 7(y; + u+0)(1+)

0=

d(D<C{ m(a+1)(1—5)+\/7r77(1—8)ﬂ+(a)1r+v+y) (c+u+y,) I_C (rituto)l+a) | [ (rit+ut+o)lta)
1 (( 2

- 1—5)20!(/1+V+,u)+m))(0+7e+,u)(5+7/i+,u) (c+u+y,) t(+uto)l+a)) \o(y,+u+0)l+a)
do
<y (R,-D)
dt °
(30)
It is pertinent to note that when att > g C1 <1, Substituting into the model system of
do
equation (18) reveals that, based on LaSalle’s invariance principle dt — ~ , is globally

asymptotically stable whenever R.>1

Global stability for endemic equilibrium

Theorem 5

The model system of equation (1) has no periodic orbits.
Proof:

We employ the concept of Dulac’s criterion. Let X=(1.H,R,P) define the Dulac’s
1
G =——
function SI . The following system of equation are obtained;

dSc _i _ _(1_p)sc| _ _
e {A(l V)N N PP | (m+,u)SC}
dSa _i _(1_p)sa| _ _
dt - Sl {msc N pﬁsal /usa}
dE _i (1_p)ﬁ(sc +Sa)| _
Gdt_Sl{ N (5+”)E}

(B
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G%:%{6E+pﬂ(5c+8a)l—(7/+,u+d)l}
drR 1

- —{AUN +4 — R

at = sp AN A R

The above system of equations results to;

dS; _ JAQ-v)N _ (m+p)
G " —{ S [A-p)+ pB] T }

s, _jm A-p) ., #
GF_{I P8 }

N |

ol [t

dt N SI

(32)

dl  [6E (y+y+d)}
gL )% _TAETH)

dt {SI+'D'B S
Sn_[An 7t

dt SI S Sl

d(GX)
At t> 0 orbital resolution of the system of equations is given by dt a5 obtained below.

—d(GX):i GdSC +i GdSa +i Gd—E +ﬁ Gd—I +i Gd—R
d¢ oS, dt) oS, dt ] OE[ dt] ol [ dt] OR[ dt

d(GX)_i{A(l—v)N_[(1_p)+pﬁ]_mlﬂ}+i{m_w_pﬂ_ﬁ}

dt s, [ sl &S, 1 N |
+i{(1_’0)ﬂ_(§+’U)E}+2{§+pﬁ_w}+i{ﬂ_|_Z_’U_R}
E| N Sl al sl S ARSI S Sl
d(GX) 2{_ A(l—V)+[(1—P)+Pﬂ]+(m+ﬂ)}+{_ m+(1—p)—(pﬁ+ﬂ)}
dt SI |
+{_(1—p)ﬂ+((5+u))}+{_5+pﬁ+(7+ﬂ+d)}+{_AV+7—#}
| SI SI
(33)
AQ-V) +[A-p) + pBl+ M+ ) m+{A-p)—(pf+4)
d(GX) SI |
dt LA=p)+(+p) S+pf+((r+utd) Av+y-—u
| Sl Sl
(34)
d(GX) :_{A(l—V)+[(1—p)+pﬂ]+0(m+u)+7[m+m(l—p)—V(pﬂ+u)]+(1—p)ﬂ+(5+u)}<0
dt S|

This implies that the system has no closed orbit. It therefore portray epidemiologically that,
no existence of a periodic orbit which implies that there are fluctuations in the number of infective,
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which makes it pretty obvious that in allocation of resources for the control of the disease,
vaccination will help to eradicate the rapid spread of measles with time..

Sensitivity analysis of R.

The primary aim is to assess the sensitivity of the basic reproduction number, by computing
its derivative concerning all relevant parameters. This analysis will result in the determination of
the normalized forward sensitivity index, denoted as

n - p)A@-V)N)S
(6 +)[(ed + 12 + p1y) = PB(AL-VIN]

R _ R B 001206000 Ro R, 9 _ 100130200
o 9B R. ad  ad R,
R R P 103267370 R 7 _ 000130200
op Op R. oy oy R
(35)
R _R. A 018743076 PR # _ 15356726
oA OA R ou ou R,
R RV 000001001 - R N _1 00000000
N N R N  oN R,
R _ R 5 00000040
o5 5 R.
Table 1. Sensitivity analysis and parameter indices
B 0.01206000
o 1.0326737C
a 0.18743076
X 0.00001001
5 1.0000000C
o 1.00020100’
R

Table 1 shows that the sensitivity indices of are positively invariant in ~'s the sensitivity

indices depend on the values of the each parameters of R*, and thisbrings about changes in the
values that will affect the the behaviour of the threshold on the spread or vanity of measles disease.
Based on the table, we can conclude that parameters are the most sensitive to the basic
reproduction number in equation (18) of the measles model. Particularly, increasing the value of

O will result in a 96.96% increase in R*, while increasing the value of K will lead to a 91.52%

*

decrease in
Numerical simulation

Homotopy Perturbation Method (HPM) is an elegant and powerful method to solve linear and
non-linear partial differential equations. As we know to get an exact solution of non- linear partial
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differential equation is very difficult, so any kind of perturbative approach is acceptable depending
on its criteria. HPM provides an analytical solution by using the initial conditions. It is interesting

to note that only a few terms are required to obtain a most accurate approximate solution.
In this section, we have illustrated the basic idea of homotopy perturbation method to apply in

non-linear equations. Let us consider the following non-linear differential equation of the form.

Au)-f(r)=0, reQ

(36)
Subject to the boundary conditions:
ou
Bz(m—J:O,reﬁ
on (37)

Where A is a general differential operator, B is a boundary operator, f(r) a known analytical
function and I'is the boundary of the domain Q. In general one can divide the operation A into
two parts: Linear and non-linear. That means

A=L+N

Where L is Linear and N is the non-linear,

Hence, equation (3) can now be rewritten as

L(u)+N(u)+ f(r)=0, reQ

(38)
By the homotopy technique, one can construct a homotopy in the following way
V(r' p): Qx [0’1] —>R This satisfies
HV,P)=(@—-P)L(v)-L(u,)]+P[AV)-f(r)=0,Pe[01]req (39)

Constructing a Homotopy perturbation method using an algorithm developed on each
compartment of the model. We conduct the numerical simulation on the mathematical model
using the concept of homotopy perturbation method which brings about creating the following
correctional scheme for the model equation.

Table 2.Description of parameters, values, and references

Variable Description

SC (t) Susceptible (Vulnerable Children) population
Sa (t) Susceptible (Vulnerable Adulthood) population

E(t) Exposed population
I(t) Infected population
R(t) Recovered population

Parameter | Description Values References
N | Total population 0.002 [10]
M | Conversion rate of susceptible children to adult 0.001 [11]
group
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V | Proportion of those successively vaccinated at 05 [1]
birth
P | Fraction of fast-developing infection cases 0.2 [28]
7 | Rate of recovery after being infected 0.03 [2]
M | Natural death 1.0 [5]
O | Disease induced death 0.0016 [20]
A | Recruitment rate 0.113 [30]
f | infected rate 1.0126 [14]
d | Rate of transmission 0.33182  [2]
ds, (ds, 1- p)S, |
a-p) Se i o[ B pag- N 2B s 1 s, =0
dt dt N
ds ds (1-p)S, I
1- &+ p —2—[mS, - —F———- | - =0
-p - p( g MSe N PPS, uSa]j
dE  (dE .(1-p)A(S, +S,)I
1-p)—+p —— <2 —(6+u)E)E
(ID)OIt p(dt[ N (6 +1)E)E]

(40)

1 p)%+ p[‘fj—f—[éapﬁ(sc +5,)l —(y+u+d)l]j=o

drR drR
a- p)a+ p(a—[AVN +A —ﬂR]J=O

The following correctional series are assumed as solutions for (1) such that

n n n n n
S.()=2_p's (1.8, (1) => pVEWD=> p'e 1) =2 p i ORM = pr (),
k=0 k=0 k=0 k=0 k=0

(41)
This series converges as p tends to in each of the iterations is subjected to the initial conditions

n
ast = 1. Evaluating (32) and comparing coefficients of P yields the following at n=1

dt dt dt dt ' dt (42)

Solving these equations using the initial constraints
So(t) =50,So(t) =€p, Eo(t) =€, 1, (1) =15, R (t) =1,
at this initial condition,the result obtained from (32) is deduced as

Se(t) = (7 +mv+ &ty — 18, — (V+ 1))t
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Sal(t) = (_ ﬂlSO _ﬂzvo +ILN0)[
El(t) = (asoio — HE _Geo)[

(43)
(1) = (Oeo — iy =, _pio)t

R, (1) = (o — 1y
The successive iterations of the results obtained at N = 2 yields

S (0)= 1 tz[(fizoso +a oS, + 0 BiiySy — BV — &Gy + oS, + 20u4iigS, + 0pyS, — 08yS, + fByS, + uzsoj
() ==
2 |+ 21438y = 214PV, _ﬂlzso + 8518y = BBV _ﬂzzvo - 10 -0p,

S ()= 1 tz[(fizoso +0 pgSy +a BlgSy — & BoiVy — &by + adiyS, + 2adyS, + apyS, — 2 08yS, + S, +,u280]
2a s 2 2
2 |+ 2By = 21BNy — B So + BoBiSo = Bo BNy — By Vo — 0 — OB,

® 1 2 0{2i0280 +adi,S, + 3oy S, + 0p,S, — a08,S, +a0,S, + S,
e,(t)=—=

—af,iN, —abl, — u’e, —2uoe, —o’e,

1 .
l,(t)= _th(‘xﬂlloso - yZVO +2upSy — 21PN, + /31230 + oS — Bo Ay — ﬂzzvo - ‘9:81) (44)
44

1 . . .
n(t) = _Et2(5p|o — 1*Fo + 2upiy + PP, _poeo)

Subsequently, further iterations is carried out from the result of (36) which yields atn =3

15y ++21BSy = 21By + By + BBiSo = BBy = By o@ S, + @ oSy — & By = oy + s, +
oS, + apySy + 2uBiSe — 20BNy — B8 + 58,80 — BB — By N — 10 — OB, — 088, + afS, + 118, + 3uBS
1 .
Sx(t)= _gta = 20BNy = Bsy + AB,BSo + 24Py = 24o = By + BofBSo = 5B, By — 3B, vy — S, — 15, ~ 3B, + 2By + 0 - 6 - OB

=28, BNy = BNy — 10 — OB 5,5, — BNy + g — 3BS, — 21BNy + BSy + BofBiSy — BulBVy _+ 6%, + 201k, + 250, — Sory + 1
+ 2papig, + 3orpiigSy + apyS, — 30088y + 0yS, + afiySy — adigSy + 3orthioSy + apyS, — 2008,S, + 010y,

oSy = 1V, + 2048y = 21BNy = =218y = B0 + BoBiSo =55 B 3, Vo — oS, — 15, 3,3, + 2BV, + 6~ 068
Saalt) = _gtz 128,V — ﬂzzvo — U0 =0 =55y — PN + iy = 3PS, + ﬂ1250 +BoBSo— By — ﬂ22vo — 6B, ++adiyS, +3adaSy +apyS,
—a08yS, + 00148, — 2+ 2,8y — 24V + ﬁ1250 +38, 880 = BoBNg — BN + g = 31418y — 2B,V + ﬁlzso + B85
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2 2 . . 2 2
@’y Sy + adigSy + 30tioSy + 0pyS, — Q08sS, + a0y + gy + 2448, — 2uBNg = B"Sy + 5B, BSe = BoliVy = By Vo — 16

o) Lyl - afyiV, — 30, - 18, — 2u0e, — 06, — Pt + 2upiy + pliy + afisS, — 4adiyS, + 3ati,S, + oS, — 20008, + +adi,S, + 3atdyS, + Py,
3\ =77

6 |- aoeyS, + a0y, + afiieS, — afyiV, - abl, - /‘250 - 208, - Uzeo =9~ ﬂzro =3ups, + ﬂlzso + BoBisy = BB - ,Bzzvo -0p;
++ad,8,08, — iy — 8y — piy + 2upi, — 2p08, + iy — poe, — o7,

01,8, + 8%, + 25k, + 200, — 508, + 11y + 2papiy — 208y +— 7t + 2upiy + iy + afioS, — badiss, +3aiS, +ap,S, — 20108,
1| +adiyS, +3adeS, + apyS, —ace,S, +aoyS, + piy + —B, Ny — 10 - 0B, - ace,s, + APy + 1Sy +3uBiS, — 2uBN - poe, — e,

I(t)=-=t°
6 | +2upiy + p7iy + aBeS, — 4adiyS, + ausiioS, + apyS, — 2008, + +a S, + 30itdS, + S,

— 0088, + a5, + S, — BV, — ably — 18, — 2oL, — o8, — 5,

50 =—ét2[

Sy — 1Ty + 2upiy + Py +—07€ — 11T, + 20y + Pl + afiyS, — 4adiyS, + 3atiS, + ap,S, — 20108, ++adiyS, +3akiyS, + aposoj

— 0088, +a0S, +afis— po’e,

This can be furthered till the desired number of iterations are obtained. Hence, the summary
of iterative solutions to each model compartment is obtained as;

S (t) = Zsk (t),S.(t) = ka (t),E@t) = Zek ), 1@t) = Zik (t),R() = Zrk (),
(45)

And evaluating these results using the corresponding model parameters of each class given by

v=05,0=02¢, =0002 f=10003¢, = 6539305, =500000s,, = 26000, = 23890 r, =1473
It is therefore obtained that;

2 =0008,5=04,4=10m=010=097 =219y =1.263x =0.002 7, =0.03 4, =1.82 }
0

S, (t) =500-30.4320 +0.7213561075%" —0.0386340409t°
S, (t) =120-1.5060t —0.015914700@t” +0.000617943%453°

E(t)=65+18.1785-1.171778775%° +0.0415546653t°
(46)

I (t) =23-0.9060t +0.029250675@t* —0.000844036BOOt*
R(t) =14-0.0155% —0.005054500@0t* +0.000145824542t*

The approximate results of each class are evaluated using their respective baseline values in
obtained from table 2. We also suggest the following population data set as initial values given by

S5 =500000's,, =26000,¢, = 653930 i, =23890 1, =14730

following series of results embedding the parameters whose influence on the dynamics of measles
transmission are to be analysed as;
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Sc(t)=1000+[

S, (t) =1000+

65.26869000+1.336200Qx t
~1362924000x° - 37.68¢

273.20+1.383730 X
+
-1.6353* —37.68m

. -0.099708816@ac

— 467202
+29.86350* |t2
54.0914019 |2
+1.5361x°c

-8.99856418°
+152.0510083x%c

0.652%¢?
-0.5242°
—0.837360¢?
+2.9365¢*
+935.98111186x°c
+56.1209234%
—5.92381456%
10.352

+635.090°
-1.863440

11.30828286x"c?
—~66.76103861:°

t? | -0.00371982988ac’

—
w

+3333926349 2 | +40645085760" 6
45.98509816 +935.98111186x°c
—3.28802556% -84.74264814
—69.38980854 11.308282862" ~80.26339203°
— 45,62599000 ~0.099708816@ac | ~0.7679873978: +1431639314*c 3
E(t) =30+ +136292499% |t -| +537899381 1 | 1875838588, + 167531762627 |-
~1.336200000x +0.0000493608 2 +0.000384108@04c —16.31203298 0
~5.29299366% +36988744520° —84.74264814°
—0.0044992841D9°
170391180 +320.2194878
, |[t2 | —0.00004985490800c¢ |t°
I(t) =17-0.6373 —| +0.63524p? |— — , —
07283 +4.407401276 6
+2.46825.10°d
—0.004339725
(47)
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13.49785413°
2508099123 |, |-824975989%° | _
R(t) = 40+ (46.18360+ 37.68c)t | + 459850488 | +| +727.7734324 |—
—2044.386000p° 2 +56.1205393&1 0

+10.38388802

RESULTS AND DISCUSSION

The interpretation of numerical simulation conducted through iterative steps of homotopy
perturbation method is depicted diagrammatically below.

25000

20000+

3
5
g,
=, 15000 )
= — = 0.3
g‘ —— == 0.6
= — = 0.9
= oooo]
5000
0 T ; )
o s 10 15
fime {f)
effect of vaccinafion rafe V on Suscepfibie popuiafion
Fig.2. Effect of vaccination rate Von susceptible population
14000
12000
10000
3
% 000
— = O
,§, —_— : =0.3
g 6000 SEm———— e
= ———eo=03
2000
2000
0 10 20 30

time {7}
effect of p orn exposed popridatiorn

\Y

Fig.3. Effect of vaccination rate ¥ on exposed population
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120 o 1
=
S
=
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Fig.4. Effect of vaccination rate V on infected population
25000 1
20000
=
o
[~
S
15000
% v=001
w — vy == 003
5 — = 0.05
B — = 0.07
3 10000 — = (0,09
3
5000
S —
0
fime (¢}

fig.5. Effect of vaccination rate @ on infected population

200 -]

700 -
3
§ 6004
- ———— p = 0,001
=, — = 0.003
Tiiic] — = 0.005
§ — p =0.007
& — p = 0,009

400 -]

300

fig.6. Effect of vaccination rate ® on susceptible population

657



Ethiop ] Nat Comp Sci 2024, Volume 4, [ssue 2

1100 —
1000 —
00 -
= 500
=
g
E o0 p = 0.01
ﬁ. ) p =003
E 00 — = 05
5 p =007
§ 500 - p = 0.09
400 -
300
200 -
T T T 1
o 1 2 3

fime [}
Fig.7. Effect of vaccination rate @ on exposed population

In this graphical illustration, maple 18 software was utilized to simulate the disease dynamics
over time with respective compartments. The findings are presented in a graphical format and
extensively discussed. Fig.2 illustrates that as the vaccination rate increases, the vulnerable
population also increases. Meanwhile, Fig.3 demonstrates that when the vaccination rate goes
from 0.0 to 0.9, the exposed population decreases. This suggests that an increase in vaccination
rates results in a higher number of susceptible individuals and a decrease in vaccination rates
leads to a higher number of exposed individuals. Additionally, as the vaccination rate rises, the
exposed population decreases, as observed in Fig.4. Over a period of 20 months, it was noted that
as the vaccination rate increases from 0.03 to 0.09, the infected population decreases. Fig.5 reveals
that an increase in vaccination results in a reduction in the number of infected individuals,
consequently increasing the population of susceptible individuals while fig.6 highlights the impact
of vaccination on the susceptible population, particularly after recovery. Through treatment,
susceptible individuals can be effectively recovered from the disease. In this context, vaccinating
those who have recovered can significantly reduce the prevalence of the disease in the population
and fig.6 explores the effects of the waning rate on exposed individuals. An increase in the waning
rate leads to a reduction in the population of exposed individuals. For instance, when the waning
rate is 0.01, more individuals are less likely to become infected, resulting in an increased
population of susceptible individuals. Conversely, reducing the waning rate increases the infected
population.

CONCLUSION

This paper has been able to utilize the homotopy perturbation method to derive a numerical
solution for the impact of high treatment vaccination efficacy on a measles model of SVEIR. This
approach proved highly effective in yielding accurate model results bring the basic threshold of
measles spread to less than unity. Subsequently, numerical output was simulated to assess the
influence of vaccination saturation on measles transmission within the population, with careful
analysis of the accompanying graphs to reveal key experimental and biological impact on the sub-
populations with time. Nevertheless, it is important to note that further research is essential to
address the ongoing prevalence of this epidemic disease and to develop effective strategies for its
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containment and eradication and vaccination and treatment rate will suffice for certain period of
combat towards the spread of measles. The promotion of awareness, educational programs as
preventive measures is crucial to policy makers and practitioners of health in controlling of the
spread of measles in the future.
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