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ABSTRACT

In this paper, we initiate the study of soft MS-algebra by using soft set theory. The notions of
soft MS-algebras, soft e-filters and soft MS-homomorphisms are introduced. Several related

properties and some characterizations are investigated.
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1. Introduction

Molodtsov introduced the concept of soft
sets, which can be seen as a new
mathematical tool for dealing with
uncertainty. Because of various uncertainties
arise in complicated problems in economics,
engineering, environmental science, medical

science and social science; methods of
classical ~mathematics may not be
successfully used to  solve  them.

Mathematical theories such as probability
theory, fuzzy set theory and rough set theory
were established by researchers to model
uncertainties appearing in the above fields.
But all these theories have their own
difficulties. To overcome these difficulties,
Molodtsov (1999) introduced the concept of
soft set as a new Mathematical tool for
dealing with uncertainties. As the problem of
setting the membership function does not

arise in soft set theory, it can be easily applied
to many different fields. Some operations on
the soft set theory was studied by Maji et al.
(2003). Ali et al. (2009) studied some new
operations on soft sets. Aktas and Cagman
(2007) compared soft sets to the related
concepts of fuzzy sets and rough sets. They
also defined the concept of soft groups and
derived some related properties. Nagarajan
and Meenambigai (2011) studied soft lattices,
soft distributive lattices and soft modular
lattices. In this paper, we define the notions of
soft MS-algebras, and study some properties
of Soft MS-algebras. Moreover, we give
several illustrative examples. We define soft
MS-algebra homomorphism and obtain some
properties. Further, we define soft e-filters of
MS-algebras and illustrate them by examples.
Throughout the paper, we follow the
Molodtsovs’ definition soft sets to obtain all the
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findings.

2 Preliminaries

In this section, we recall some definitions and
results which will be used in the paper.

Definition 2.1. (Blyth, 1994; Blyth, 1983)
An MS-algebra is an algebra (L,V,A,°,0,1) of
type (2,2,1,0,0) such that (L,V,A,0,1) is a
bounded distributive lattice and a +— a° is a
unary operation satisfying:

1. a <a®°,
2. (anb)° =a’ Ve,
3.1°=0

Definition 2.2. A Stone algebra is an algebra
S =< S;V,A*,0,1 > of type < 2,2,1,0,0 >
such that < S;V,A,,0,1 > is a bounded
distributive lattice and = +— z* is a unary
operation on S satisfying the conditions:

1. zANz" =0

2.z Ny=0=y < z%

3. (zVy)" =z" Ay* and

4. z*VvVa*r =1forall z,y € S.

Definition 2.3. A de Morgan algebra is an
algebra (L, V,A,°,0,1) of type (2,2,1,0,0) such
that (L,V,A,0,1) is a bounded distributive
lattice and a +— @ is a unary operation
satisfying:

1. a®° = a;
2. (aAb)° =a’ Vb and
3. 1°=0for all a,b € L.

Lemma 2.4. (Blyth, 1983; Blyth, 1999) For
any two elements a,b of an MS-algebra, we have
the following :

(1) 0° =1

(2) a<b=1b"<a°
(3) a°°° = a°

(4) (aVb)° =a®Ab°
(5) (aVb)°° =a°Vbe°
(6) (@ ND)°° =a° ADb°

Definition 2.5. (Roa, 2014) For any filter F’
of an MS-algebra M, define F'¢ as the set F¢ =
{x € M/z° < a® for somea € F}

Definition 2.6. (Roa, 2014) A filter F' of an
MS-algebra M is called an e-filter of F' if F =
Fe

Definition 2.7. (Molodtsov, 2014) Let U be a
nonempty finite set of objects called Universe
and let E be a nonempty set of parameters. An
ordered pair (F, F) is said to be a Soft set over
U, where F is a mapping from F into the set of
all subsets of the set U. That is, F': E — P(U).

Definition 2.8. (Molodtsov, 2014) Let (F, A)
and (G, B) be two soft sets over the common
universe U. We say that (F, A) is a soft subset
of (G,B) if

1. AC B,
2. Foralle € A, F(e) C G(e).

Definition 2.9. (Maji, 2003)

Let (F, A) and (G, B) be two soft sets over the
common universe U. The union of two soft sets
(F,A) and (G, B) is the soft set (H,C) where
C = AU B and H is defined as follows:

F(e) foree A—B,
H(e) = 1 G(e) foree B—A,
F(e)UG(e) foree ANB,

Definition 2.10. (Maji, 2003) Let (F, A) and
(G,B) be two soft sets over the common
universe U such that A N B # (. The
intersection of (F,A) and (G, B) is the soft
set (H,C), where C = AN B and H(e) =
F(e)nG(e), for all e € C.
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Definition 2.11. (Maji, 2003) Let (F, A) and
(G,B) be two soft sets over the common
universe U. Then (F,A) AND (G,B)
denoted by (F,A) A(G,B) and is defined by
(F, A) (G, B) = (H. A B) where H((a, ) =
F(a)NG(p), for all (o,8) € A x B.

Definition 2.12. (Maji, 2003) Let (F,A)
and (G,B) be two soft sets over the
common universe U. Then (F,A) OR (G, B)
denoted by (F,A)\(G,B) and is defined
by (F,A)V(G,B) = (H,A x B), where
H((a, p)) = F(a)UG(P), for all (o, B) € Ax B.

3 Soft MS-algebras

In this section, we give the definition of
soft MS-algebras and some properties of soft
MS-algebras. Throughout this section, M is an
MS-algebras and A is any non empty set. R will
refer to an arbitrary binary relation between
elements of A and elements of M. That is,
R C Ax M. A set-valued function F' : A —
P(M) can be defined as F(z) = {y € M :
xRy, x € A}. The pair (F,A) is a soft set
over M. Defining a set-valued function from A
to M also defines a binary relation R on A x M,
given by R = {(z,y) € Ax M :y € F(x)}.

Definition 3.1. Let (F, A) be a soft set over
M. Then (F, A) is said to be a soft MS-algebra
over M if F(x) is a subMS-algebra of M, for all
x € A

The set of all soft MS-algebra of M is denoted
by Sars(M). Let us verify this definition using
the following examples.

Example 3.2. Consider the MS-algebra M as
shown in Figure 1. Let A = M. Define the
set-valued function F': A — P(M) by F(xz) =
{lye M : 2Ry &z ANy° Ay*>° =0, x € M}.
Then f(0) = M, F(t) = F(z) = F(1) =
F(z) = F(u) = F(y) = {0,1}. Therefore, F(x)
is a subMS-algebra of M, for all x € A. Hence
(F, A) S SMs(M)

Figure-1

Example 3.3. Consider the MS-algebra M as
shown in Figure-2. Let A = {0,a,b,c,d,1}.
Define the set-valued function F : A — P(M)
by F(z) = {y € M : zRy & 2°V y° =
1}. Then F(0) = M,F(1) = {0,1}, F(a) =
F(b) = F(c) = {0}. F(a),F(b),F(c) are not
an MS-algebra, because they do not contain 1.
Hence (F, A) is not a soft MS-algebra of M.

Figure-2
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The example given below shows that a soft
set which not a soft MS-algebra may contain a
soft MS-algebra as soft subset of it.

Example 3.4. Consider the MS-algebra M in
Figure-2.  above. Let B = {0,1}. Then
F(0) = M,F(1) = {0,1}. Hence (F,B) is soft
MS-algebra of M.

Remark 3.5. FEvery MS-algebra can be

considered as a soft MS-algebra.

Theorem 3.6. Let (F, A),(H,B) € Sys(M)
be such that AN B # 0 and F(z) N H(z) #
0 for all z € AN B. Then their intersection
(F,A)N(H,B) € Sps(M).

Proof. The intersection of two soft sets (F, A)
and (H, B) is given by (F, A)N(H,B) = (U,C)
whereC’:AﬂB%@andU() F(z)n

H(z) #0forall z € C. Let z € C = AN B.
Since € A and (F,A) € Sys(M), F(z) is
a subMS-algebra of M. Also since x € B and
(H,B) € Sps(M), H(x) is a subMS-algebra of
M. By assumption, we have U(x) = F(z) N
H(z) is a subMS-algebra of M. Since z € C' is
arbitrary, U(z) is a subMS-algebra of M, for all

x € C. Therefore, (U,C) = (F,A)N(H,B) €
Sps(M). O
Theorem 3.7. Let (F, A),(G,B) € Sps(M).

IFANB =0, then (F, A) U (G, B) € Sys(M).

Proof. The union of two soft sets (F, A) and

(G,B) is given by (F,A) U (G,B) = (H,C)
where C = AU B and
F(z) for z€ A— B,
H(z) =4 G(2) for ze B— A,
F(z)UG(e) forze ANB.

Since ANB=0, A-B=A, B— A= B, and
either z€ Aor z€ B, forall z€ AUB.

(z2) for ze A,

G(z) for ze€ B.

Since (F,A4) € Sus(M), F(z) is a
subMS-algebra of M, for all z € A,
and also (G,B) € Sus(M), G(z) is a
subMS-algebra of M, for all z € B. Thus
H(z) is a subMS-algebra of M, for all z € C.
Therefore, (H,C) € Sys(M).  That is,
(F, A)U (G, B) € Sys(M). O

Theorem 3.8. Let (F,A),(G,B) € Sys(M)
be such that F(x)NG(y) # 0, forallz € A, y €
B. Then (F, A) N(G, B) € Sps(M).

Proof. The AND operation of two soft sets
(F,A) and (G, B) is given by (F, A) A(G,B) =
(H,C), where C = A x B and H((z,y)) =
F(x)NG(y) # 0, for all z € A, y € B. Since
(F,A) € Sys(M), F(x) is a subMS-algebra of
M, for all x € A. Since (G,B) € Sys(M),
G(y) is a subMS-algebra of M, for all y € B.
Since F'(z) NG(y) # 0, it is a subMS-algebra of
M, for all x € A, y € B. That is, H((x,y))
is a subMS-algebra of M for all x € A,y €
B. Therefore, (H,C) € Sys(M). That is,
(F, A) \(G, B) € Surs (M). o

Definition 3.9. Let (F, A) and (H, K) be two
soft MS-algebras overM. Then (H, K) is a soft
subMS-algebra of (F, A) if

1. K C A,

2. H(z) is a subMS-algebra of F(z), for all
re K.

Let wus verify this definition using the
following examples.

Example 3.10. Consider the MS-algebra M as
shown in Figure-8 below. Let A = M, B =
{0,1,a,b} and K = {0,1,a}. Define a
set-valued function F : A — P(M) by F(x) =
{y € M : 2Ry < xVy°Vy°° = 1}. Then F(0) =
{0,1}, F(1) = M, F(a) = {0,1,¢,d,b} =
F(e), F(b) = {0,1,¢,a}, P(d) = {0, 1, c}.
Define a set-valued function G : B — P(M)
byG(x)={y € M : 2Ry < zVy°Vy*° =1,z €
B}. Then G(0) = {0,1}, G(1) = M, G(a) =
{0,1,¢,d,b} and G(b) = {0,1,c,a}. Therefore,
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(F,A),(G,B) € Smus(M). Here B C A and
G(z) is a subMS-algebra of F(x), for all x €
B. Therefore, (G, B) is a soft subMS-algebra of
(F, A).

Define a set-valued function H : K — P(M)
by Hiz) = {y € M : zRy < = Ay° A
y°° = 0,z € K}. Then H(0) = M, H(1) =
{0,1,¢}, H(a) = {0,1,¢,d,b}.  Therefore,
(F,A),(H,K) € Sys(M). Here K C A, but
H(0) € G(0). Therefore, (H,K) is not a soft
subMS-algebra of (F, A).

c=0=1
Figure-3

Theorem 3.11. Let (F, A), (H, A) € Syprs(M).
Then (F,A) is a soft subMS-algebra of (H, A)
if and only if F(x) C H(x), for all x € A.

Proof. Suppose that (F,A) is a soft
subMS-algebra of (H, A). Then F(z) C H(z),
for all z € A. Conversely, let F(z) C H(z),
for all x € A. Since (F,A) € Sys(M), F(x)
is a subMS-algebra of M, for all x € A. Since
(H,A) € Sys(M), H(z) is a subMS-algebra
of M, for all z € A. Therefore, F(z) becomes
a subMS-algebra of H(x), for all x € A. Also
A C A. Thus (F, A) is a soft subMS-algebra of
(H, A). O

Corollary 3.12. Fvery soft MS-algebra is a
soft subMS-algebra of itself. That is, if (F, A)
is a soft MS-algebra over M, then (F, A) is a
soft subMS-algebra of (F, A).

Definition 3.13. Let f be an MS-algebra
homomorphism from L; to Ly and (F,A) be
a soft MS-algebra over L;. Then the image of
(F, A) under f is a soft set (f(F'), A) defined by:

(f(E)(z) = f(F(x)),for all z € A.

Theorem 3.14. Let (F,A) and (H,B) be
soft MS-algebra over Ly such that (F,A) be
a soft subMS-algebra of (H,B). If f is a
homomorphism from Ly to La, then (f(F),A)
is a soft subMS-algebra of (f(H),B).

Proof. Given (F,A) is a soft subMS-algebra
of (H,B), then A C B and F(z) is a
subMS-algebra of H(z), for all x € A. Since
f is a homomorphism from IL; to Lo and
homomorphic image of a subMS-algebra in L;
is a subMS-algebra in Lo, we have f(F(z)) and
f(H(y)) are subMS-algebra of Lo, for all z €
A, y € B. Also, f(F(z)) is a subMS-algebra
of f(H(z)), for all z € A. Hence (f(F),A) is a
soft subMS-algebra of (f(H), B). O

Let Ly and Lo be two MS-algebras with
unary °. Then Ly X Lo is an MS-algebra with

respect to the point-wise operations is given by:
(a,b)° = (a®,0°).

Definition 3.15. Let (F, A) and (H, B) be two
soft MS-algebras over M7 and Ms, respectively.
The product of soft MS-algebras (F,A) and
(H, B) is defined as (F, A) x (H,B) = (U, A x
B), where U(z,y) = F(z) x H(y) for all (z,y) €
A x B.

Theorem 3.16. Let (F, A) and (H, B) be two
soft MS-algebra over My and Ma, respectively.
Then the product (U, A x B) of (F,A) and
(H, B) is a soft MS-algebra over My x Ms.

Proof. Let (z,y) € AxB. Then since (F, A) and
(H, B) are soft MS-algebra over M; and Mo,
respectively, we have F(x) is a subMS-algebra
over M; and H(y) is a subMS-algebra over
M. Hence it is clear that F(z) x H(y) is a a
subMS-algebra over My x Ms. This proves that
the product the product (U, Ax B) of (F, A) and
(H, B) is a soft MS-algebra over My x M. O
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Definition 3.17. Let (F, A) and (H, B) be two
soft MS-algebra over M; and M respectively.
Let f : My — My and g : A — B be
maps. Then (f,g) is said to be a soft lattice
homomorphism if

1. f is an MS-algebra homomorphism from
M onto Ms,

2. ¢ is a mapping from A onto B,

3. f(F(x)) = H(g(x)), for all x € A.

Then (F,A) is said to be a soft MS-algebra
homomorphic to (H,B) and it is denoted
by (F,A) ~ (H,B). If f is a lattice
isomorphism from M; onto Ms; and g is a
bijection from A to B, then (f,g) is said to
be a soft MS-algebra isomorphism. (F,A) is
soft MS-algebra isomorphic to (H, B) and it is
denoted by (F, A) ~ (H, B).

Example 3.18. Consider the MS-algebra L,
and Lo as shown in Figure-5 and Figure-6
respectively. Let A = {0,a,b,1} and B =
{0',1'} Define the set-valued function F by
F(z) ={y € L1 : xRy & x Ay° ANy°° =
0,2 € A}. Then, (F,A) € Sys(L1). Define
the set-valued function H by H(z) = {y €
Ly : zRy & z Ay° ANy°° = 0,z € B}. Then

(H,B) G/SMS(LQ). /Deﬁne f :/Ll — Ly b,y
f(O):O, f(CL):O; f(b):1/7 f(1>:1,'
Define g : A — B by g(0) =0, g(a) =0,

gb) =1, g(1) = 1. Then f is MS-algebra
homomorphism from Li onto Lo and g is a
mapping from A onto B. Also f(F(x)) =
H(g(x)), for all x € A. Hence (F,A) is a soft
MS-algebra homomorphic to (H, B).

1:=0°

Figure-4

Figure-5

4 Soft e-filters of MS-algebras

In this section, we give the definition of soft
e-filters of MS-algebras and some properties of
soft e-filters of MS-algebras.

Definition 4.1. Let (F, A) be a soft set over
M. Then (F, A) is said to be a soft e-filter over
M if F(z) is an e-filters of M, for all z € A.

The set of all soft e-filters of L is denoted by
SF¢(M). Let us illustrate this definition using
the following examples.

Example 4.2. Consider an MS-algebras L as
shown in Figure 6. Let A = {a,b}. Define
a set-valued function F by F(a) = {b €
M : aRb & bANa = a}. Then F(a) =
{1,b,a}, F(b) = {1,b}. Therefore, F(z) is an
e-filter of L, for all x € A. Hence (F,A) €
SFe(L).

Figure-6

Theorem 4.3. Let (F,A),(H,B) € SF¢(L)
be such that AN B # 0 and F(z) N H(z) #
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O for all z € AN B. Then their intersection
(F,A)n (H,B) € SF°(L).

Proof. The intersection of two soft sets (F, A)
and (H, B) is given by (F, A)N(H,B) = (U,C)
where C = ANB # 0 and U(z) = F(z)NH(z) #
fforallze C. Letx € C = ANB. Sincex € A
and (F,A) € SF¢(M), F(z) is an e-filter of M.
Also since z € B and (H,B) € SF¢(M), H(z)
is an e-filter of M. By assumption, we have
U(x) = F(x) N H(x) is an e-filter of M. Since
x € C is arbitrary, U(x) is an e-filter of M, for
all z € C. Therefore, (U,C) = (F,A)N(H, B) €
SFe(M). O

Theorem 4.4. Let (F, A),(G,B) € SFe(L). If
ANB#0, then (F,A)U(G,B) € SF¢(L).

Proof. The union of two soft sets (F,A) and

(G,B) is given by (F,A) U (G,B) = (H,C)
where C = AU B and
F(z) for z€e A— B,
H(z) = 4q G(2) for ze€e B— A,
F(z)UG(e) forze ANB.

Since ANB=(0, A—-B=A, B— A= B, and
either z € Aor z € frallzeAUB.

for z€ A,
for z € B.

Since (F, A) € SF¢(M), F(z) is an e-filter of M,
for all z € A, and also (G, B) € SF¢(M), G(z)
is an e-filter of M, for all z € B. Thus H(z)
is an e-filter of M, for all z € C. Therefore,
(H,C) € SFe(M). That is, (F,A) U (G,B) €
SFe(M). O

Theorem 4.5. Let (F, A),(G,B) € SF¢(L) be
such that F(z)NG(y) # 0, for allz € A,y € B.
Then (F, A) N(G,B) € SF¢(L).

Proof. The AND operation of two soft sets
(F,A) and (G, B) is given by (F, A) A(G, B) =
(H,C), where C = A x B and H((z,y)) =
F(z)NG(y) # 0, for all z € A, y € B. Since
(F,A) € SF¢(L), F(x) is an e-filter of M, for

all x € A. Since (G,B) € SF¢(L), G(y) is an
e-filter of M, for all y € B. Since F(2)NG(y) #
(), it is an e-filter of M, for all z € A, y € B.
That is, H((x,y)) is an e-filter of M for all
x € A,y € B. Therefore, (H,C) € SF¢(L).
That is, (F, A) \(G, B) € SF¢(L). O
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