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Abstract

In this paper, we introduce the notion of fractions in Abstract R-vector space, its norm, and
obtaining certain properties. Also, we show that fraction of Abstract R-vector spaces is once
again a vector space over fractions of the commutative regular ring with unity. Further, we
introduce the notion of sub-vector spaces in a fraction of Abstract, R-vector spaces.

Keywords: Abstract R-vector spaces, Fractions in Abstract R-Vector Spaces, norm, sub-S™ R-

vector space.

Introduction

An Abstract R-Vector space is quite different
from an ordinary R-module as it is a
generalization of the Boolean vector space of
Stroup’s (1969) work. The concept of
Abstract R-vector spaces has been studied by
many authors in different ways. Rao (1966a;
1966b) has intensively studied it. Imitating
the line of thought of Rao (1966a; 1966b) we
introduce the notions of Fractions of Abstract
R-vector spaces, its norm, its sub-vector
spaces, and study their properties. This paper
consists of four sections. In section one, we
recall certain definitions and results
concerning Abstract R-vector spaces. In
section two, we introduce the notion of
fractions of Abstract R-vector spaces and
show that fractions of Abstract R-vector
spaces are a vector space over fractions of the
commutative regular ring. In section three,
we establish the norm of a fraction of
Abstract R-vector spaces and study its
properties. Finally, in section four, we

introduce the sub-vector space of a vector
space over a fraction of commutative regular
rings and establish that S'V/S'U s
isomorphic to S (V/U) where U is a sub-
Abstract R-vector space of an Abstract R-
vector space V and S is a multiplicatively
closed subset of a commutative regular ring
R

1 Preliminaries

Here we collect certain definitions and
results concerning fractions of commutative
regular rings and Abstract R-vector spaces
(vector space over regular rings) (Rao, 1966).
Throughout this paper R stands for
commutative regular rings with 1, B denotes
the set of all idempotents of R, S stands for a
non zero multiplicatively closed set. For
further reference, the readers are advised to
refer Rao (1966a) and Rao (1966b). Here
after throughout the discussion of this paper
"R-vector space" means "Abstract R-vector
space".
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Definition 1.1. A non empty subset S of a
commutative reqular ring R with 1 is said
to be multiplicatively closed if 1 € S and
abe S foralla,be .

Theorem 1.2. Let S be a multiplicatively
closed subset of R. Define a relation ~ on
R x S by (r1,s1) ~ (r2,s2) < u(sar1) =
u(sire) for some uw € S, Vri,r9 € R and
$1,82 € S. Then ~ is an equivalence rela-
tion.

Remark 1.3. The equivalence class con-
taining (r,s) € R x S is denoted by ©. The
set of all equivalence classes in R x S is

denoted by ST'R={L:r € R,s € S}.

Lemma 1.4. Let S be a multiplicatively
closed subset of R.Then:

For r,p € R and s,t
P s u(tr) =

e S,

u(sp) for some

m
| R

rt_tr _ iy c Randt,s €S

st st ts’

= %,Vr € R and s1,80 € S
Z—z,Vsl,SQES

{0y € S'R for0 € R

=1eS'Rforl1eR
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Theorem 1.5. Let S be a multiplicatively
closed subset of a commutative reqular ring

R. Define the binary operations + and - on

-1 T T2 __ S2ri+sSiT2 T, r2 _
S™'R as ot P = cmds1 2 =

"Nr2r re € R and 1,59 € S. Then S™'R

S$152
is a commutative reqular ring.

Remark 1.6. The usual partial ordering,
<, on B is defined as a < b & ab = a.

Lemma 1.7. Let R be a regular ring. For
each a € R,
(i). |ala = a = ala] (ii).Ja| =a < a € B.

Definition 1.8. Let V. = (V,+) be an
abelian group and R = (R,+,.) be a com-
mutative reqular ring with unity element 1.
Then V is said to be a Vector space over

R (or simply R-vector space) if and only if
there exists a mapping :RxV — V (the im-
age of any (a,x) € RxV will be denoted by
ax) such that for all x,y € V and a,b € R,
all the following properties hold:

1. a*(z +y) = ax + ay

2. a(bx) = (ab)x if a®> = a

3. le=x

4. (a+bx=ar+bxrifab=0

5. r(sx) = (rs)x if r and s are invertible
elements of R

Definition 1.9. An R-vector space V is
said to be normed if and only if there exists
a mapping ||:V — B satisfying the follow-
ing properties.

(1). |z| =0« =0 and (2). |ax| = alx|
forallx € V,ae B

Corollary 1.10. If V is normed R-vector
space, then ||z =z for each x € V.

Lemma 1.11. If V is a normed R-vector
space, then |z +y| < |x|+ |y| — |z||y| for all
z,y€eV.

Definition 1.12. Let W and U be R-vector
spaces. Then the mapping

T : W — U is a linear homomorphism if
T(ax+by) = aTx+bTy for all a,b € Rand
ab=0.

The set of linear homomorphism is de-
noted by Hom(W,U).

Definition 1.13. Let W and U be R-vector
spaces. Then the mapping

T :W — U is a strongly linear homomor-
phism if T(ax + by) = aTx + bTy for all
a,b € R.
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2 Construction of Fractions
in R-Vector Spaces

In this section we construct fractions in R-
vector spaces and study certain properties.

Theorem 2.1. Let V be an R-Vector
Space,S = B be the set of all idempotents
of R. Now define a relation ~ on V x §
as (x,s) ~ (y,t) < u(tx) = u(sy) for some
u € S. Then ~ is an equivalence relation.

Proof. (). For any u € S, u(sx) =
u(sz).= (z,s) ~ (z,s).(ii). Let (z1,s1) ~
(r2,82).= wu(sex1) = wu(sywe) for some
u € S.= u(s1z2) = u(sar1) < (x2,52) ~
(z1,s1).(iil). Let (x1,s1) ~ (w2,s2) and
(x2,82) ~ (x3,83).= u(saxr1) = u(six2)
and v(sgx2) = v(sex3) for some u,v €
S. Now, for uvsy € S, (uvsy)(ssxr1) =
(uvsgss)ry = (vssuse)xry = vsz(usawy) =
vsz(usire) = usi(vszwe) = usy(vsexs) =
(UUSQ)(Sll‘g).j (xl,sl) ~ (.rg,Sg). Hence
~ is an equivalence relation. O

Remark 2.2. The equivalence class con-
taining (z,s) € V x S is denoted by Z. The
set of all equivalence classes in V x S is
denoted by S™'V ={%:2€V,s e S}.

Lemma 2.3. Let V be an R-Vector
Space,S = B be the set of all idempotents
of R.Then

; X1 _ S2T1 __ S27%1

(). & =20 = 22 forsi,s2 € 5 and
xr1 € V.

(ii). % = % = x1 for s1,80 € S and
r1 eV

(iii). ¥ =9=0 for anyt,s € S.
(iv). £ =95 < ux =0 for someu € S,s,t €
SandzeV.

Theorem 2.4. Let V be an R-vector space
and S = B be the set of all idempotents of
R. Define the binary operations addition
and scalar multiplication on S~V as fol-
lows: £+Y¥ = tx;sy and L ©F = %,x,y €
V,s,teS,r € R.Then S~V is an S™'R-
vector space.

Proof. Since 2 =0¢€ 57V, 571V #£ 0.

To show 7 + 7 is well defined, let
w2 s € S~V such that
x:i iz CC823 Z‘%4 —_ X4

S =3 a=5e e S such that
U(SQI1) = U(Sle) and v(34a:3) = v(33x4).
Now

(uv)[(s284)(s321  +
(vsgsg)u(sawt) +  u(s251)(vsaxs) =
(vsasz)u(siwa) + u(s2s1)(vsaxs) =
(uv)[(s183)(sax2 + sox4)].Thus 7 + 7
is well defined.

$173)] =

Now,dlet £, 22 € S7'R  and
e € S~V .For some wv € S
we have (uv)[(s2t2)(|r1]2)] =

(u(s2|ri]))(v(t2z)) = (u(si|ra]))(v(try)) =
(wv)[(s1t1)(|r2]y)].- Thus ” ® 7 is also well
defined.

It is routine to verify that (S~'V,+) is an
abelian group and with scalar multiplica-
tion ® it is routine to verify the axiom 1

through 5 of definition 1.7. 0
3 Normed S—1R-vector
spaces

Here we introduce norm on fractions in R-
vector spaces(S~!R-vector spaces) and ob-
tain certain properties. We denote the set
of all idempotents of S™'R by Bg-1p.

Definition 3.1. Let V be a normed
Vector space over R and S = Bg-1p be
a multiplicatively closed subset of R. A
vector space STV over SR is said to
be normed provided there exists a mapping
I+ 71V > Bsoag defined by 2] = .
satisfying:

Zesly.

Corollary 3.2. If S™'V is a normed
S~!R-vector space, then ||| = £ for each
Zestv.
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Proof. Using corollary 1.10,||%||2 = if% = Novslz a=LTIZ] = £ 0% = | MIH €
e — 2 o 57V O

Lemma 3.3. If S~V is a normed vector

space over STIR, then H”" 2 < 10+
I = IENIE for all ,% € STV

Proof. By definition 1.9 and lemma

t tot

L1 + ¥ = |efy) = letsl o
\t$|+|sy| ltzllsyl _ tlz| S\’yl _ tzls[y]
\x| ‘ N st stst

+y**l—\|zll+|lyﬂ IS O

Definition 3.4. If S~V is a normed vec-
tor space over ST'R, then

(i). [STVI=A{l5ll: € STV}

(i) S7We = {2 2] < 2} for each
2eS W andLe SR

Lemma 3.5. If S~V is a normed vector

space over ST'R , then =51 = I for
each <eS™ ly,
Proof. it is trivial O

Lemma 3.6. If S™'V is a normed vector
space over S~ 1R and || Z||||4|| = 3 =0, then

(). 2[4 =2 =0

(i) 115 + 21 =151 + 11l

(iii). [STV] = {||%] : £ € STV} is an

ideal of Bg-1p for all £,% € SV

Proof. y(i)- , Since HISIEL = NI
1515 =3

(ii) By remark 1.6 and corollary 3.2,(||$[| +
IZIDIS + 31 = IS + 0+ 131015+ 2 =
IIE0S + IS+ TS +1F151 =151+
[[4]|. On the other hand, by lemma 3.3,
£+ %1 <050+ -

(iii) Let a,b € [S™'V] such that 5] = a
and [[4]| = b.[|(1 = 0)F[II(1 —a)¥ll = (1 —
DI+ 1 =a)lf = (1 —b)al —a)b =
0= [1-0)5+ (1 —-a)f=(1-0)F|+
[(L—a)¥[l = @ =b[£l+ 1 - a4l =
(I1=ba+(1—ab=a—ab+b—ab =
a—b € [STWV]. Let a € [S7'V] such
that a = H%H,% € S~V and T € Bg-1p.

Theorem 3.7. If S~V is a normed vec-
tor space over ST'R and t € S™IR, then
S_lV; is a sub vector space of STV over

S—1R.

Proof. Since 2 € (SflV) (SflV)r is non
empty. Let 2,% € (S~ 1V)r and £ € ST'R.
By lemma 3.3,3.6 and definition 3.4,

< IEH+T=FI =15 1E = ||§||+Hy||—
IS < 15 !H | = 51151 = 15| Again,
xe IH = I‘IIIIIH <l T

u s

€ (S7V):. O

s

“\@
»Q

4 Sub vector spaces in frac-
tions of R-vector spaces

In this section we introduce the concept of
sub vector space in fractions of R-vector
space and study certain properties. Now
we introduce the definition of sub R-vector
space of an R-vector space V in the follow-
ing

Definition 4.1. Let V be an R-vector
space. A mnon empty subset W of V is
called a sub R-vector space of V' if

(i).For z,y e W,x —y € W.

(i1). Fora € R and x € W ,|alx € W.

Remark 4.2. IfV is an R-vector space, W
is a sub R-vector space of V' then it is clear
that W itself is an R-vector space.

Lemma 4.3. Let V be an R-vector space
and W,U be sub R-vector spaces of V' over
R. Then W NU is a sub R-vector space of
V over R.

Proof. Obvious O

Definition 4.4. Let S™'V be a wvector
space over ST'R. A non empty subset
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STYW of STV is called a sub S~ R-vector
space of STV provided:

(i) £—2%eS'W for 2, % e STIW.

(ii). % € ST'W for L € ST'R and
LesSw.

Lemma 4.5. Let W be a sub R-vector
space of a vector space V. Then

(i). STW is a sub S~ R-vector space of
S—1v.

(ii). s~lz € STIW & tx € W for some
teS

Proof. (i). Let 2,4 € S™'W and L €
STIR. clearly %, i< sy ¢ g1y,
(ii).suppose % € S—iw.
STIW for some t € S. = tr € Wits e S
for some ¢t € S. Suppose tr € W for some
tesS = 7= % € ST'W for some

t,seS. O

Lemma 4.6. Let V be an R-vector space
and W, U be sub vector spaces of V' over
R. Then:

(i). STTWnNnU)=S"wWns1U.

(ii). STEW +U) = S7'W + S71U.

Proof. (i). it is clear from the definition.
For (ii). let ¥ € S'W,% e S7'U. =

L e STUW + U) and & € STUW + U).
Since S™}(W + U) is a sub S~!R-vector
space of STV, % + % ¢ STHW + U). Let
aeSTTWHU). o= =01 tc

S=IW 4+ S-U. O

Definition 4.7. Let S™'W and S~'U be
an S~'R-vector spaces. A one to one map-
ping ST from S™'W on to S~U is called
an isomorphism provided:
(). (STIT)(E + 1) =
(S7IT)(Y) for 2, % € ST'W.
(i6).(SIT)(% @ %) = 2 6 (ST)(%) for

S

¢eS'Rand ¥ € ST'W.

(STIT)(%) +

Theorem 4.8. Let S™'W and S~'U
be an ST'R-vector spaces. A mapping

STT : STW o — STWU, (ST (%) = Iz,
is an element of Hom(S™W,S7U) <
(ST ® %) = 20 (SIT)(E) for & €
ST'R and £ € ST'W.

Proof. Suppose

Hom(S—'W,S~1U).If %

€ SR, then (S~IT)

o (STIT)(3)

® (S7IT)(%). Suppose (S~T)(
(%)

n|Qw|Q®w|Q®n |

o
=
o,

(S_IT)(¢ 4+ Llyy —
LOSTIT(E) + Lo (STIT)(E). 0

1 s

Theorem 4.9. Let W and U be R-vector
spaces and T : W — U be a strongly lin-
ear homomorphism. Then S™'T : ST1W —
SilU,% — @,w e W,s € S is also a
strongly linear homomorphism.

Proof. Let £, £ € S~'W  and

a b cg-lp.

s17 82

Now

Rty A T
_ sot alx)+(s1t

ﬁ) (S 1T)( = (81t1)(82;2; s )

_ T[(s2t2)(alz)+(s1t1)((b]y)] _
(s1t1)(s2t2)

(s2t2)T'(Jalz)+(s1t1)T(|b]y) la|Tz 6| Ty

(s1t1)(s2t2) s1t1 sata

=S OETI(E) + S o(STI(E). O

S1 t1

Corollary 4.10. Let ST'W and S™'U be
an S~ R-vector spaces. If STIT : ST1W —
S_IU,% —s LW s g strongly linear ho-
momorphism, then kernel of S™'T is sub

S~ R-vector space of STIW.

Proof. Let kernel of S™1T = {£ € S7'W :
(STIT) (%) = Y} Let £,% € ker(S™'T).

Now, (S7'T)(£ — %) :g’(gflT)(ms;;y) -

t
T(tr—sy) _ tTe—sTy _ Tax Ty = 0. For

st st s
e S'Rand £ € ker(S7IT), (S7'T)(¢®
z (SilT)(%) _ T(alz) _ |a|Tz _ q o

st st s

Z‘) —
% =20 (S_IT)(%) = 0. Hence kernel of

S™IT is sub S™!R-vector space of ST1W.
O
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Finally, we prove the following

Theorem 4.11. Let V be an R-vector
space and U be a sub R-vector space of V.

Then S~Y(V /U) = S~V /S~1U.

Proof. Let T
S—W\Wv,U) is a
T(:2+S71U) = ztv,
Let T(2+S7U) =T(Y£+5710) for z,y €
VandseSé%:“T“@ElveSsuch
that v(s(z+u)) =v(s(y+u)) = Px+U =
y+U = Bz —y) € U = w €
STW=pE-YesSWU=2+5U=
% + 871U = T is one to one. Clearly T is
on to.

Let £ 4+ S7'U, % + S7U € S~V /571U.
Now, T(¢ + S7'U + ¥ + S7'U) =
T(Z+Y+571U) = T(t’”s# + S571U) =

s—\wv, s ‘v —
map defined by

(tz+sy)+u _ t(z+u) + s(y+u)

st ts st
T(E+S7'U)+ T+ 5710).
Let ¢ € S™'R and 7+ S—lUu e
STW,STUL T(E o (2 + ST)) =
T(‘;—‘f + SU) = \alézju _ Ial(ﬂsﬂ;ru) _
¢ () = L O T(2 +57D). :
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