Print ISSN 2710-0200 Full text available online at Ethiop J Nat Comp Sci.
Electronic ISSN 2710-0219  http.//journal.uog.edu.et/index.php/EJNCS  Vol. 4 (1) 502-510
https://doi.org/10.20372/ejncs/Ma.2024.02

ORIGINAL RESEARCH

L-fuzzy Prime and Maximal Congruences in Almost Distributive Lattices
Natnael Teshale Amare

Department of Mathematics, College of Natural and Computational Sciences, University of
Gondar, Ethiopia

yenatnaelteshale@gmail.com

Received: 06 October 2023 / Accepted: 16 January 2024 / Published: 20 January 2024
© The Author, 2024

Abstract

In this paper, we define and describe the concept of L-fuzzy prime and maximal congruences in
an Almost Distributive lattice (ADL) and discuss its characteristics. Mainly, we establish a one-
to-one correspondence between prime (maximal) L-fuzzy congruences of an ADL and the pairs
(P, o), where P is a prime (maximal) congruence of an ADL and « is a prime element (dual atom)
in a frame, yields the prime (maximal) L-fuzzy congruences of all given ADL. Furthermore, we
examine the relationship between prime (maximal) L-fuzzy congruence and L-fuzzy prime
(maximal) congruence on an ADL, proving through counter examples that the converse is not
true.
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Introduction

The significance of prime ideals is crucial in
exploring the structural theory of distributive
lattices in a broad sense, particularly in the
context of Boolean algebras. Jayaram (1986)
and Pawar and Shaikh (2012) have introduced
the notion of prime oa—ideals and space of
prime o—ideals in distributive lattice, respectively.
Swamy and Rao (1981) introduced the concept
of an Almost Distributive Lattice (ADL) as a
common abstraction to most of the existing
ring theoretic generalizations of a Boolean
algebra. Currently, Alemayehu et al. (2023)
discussed o—ideals in MS-ADL. Zadeh (1965)
initially defined a fuzzy subset of a set X as a
function mapping elements of X to real numbers in
the interval [0, 1]. Goguen (1967) extended
this by replacing the valuation set [0, 1] with a
complete lattice L, aiming to provide a more

comprehensive exploration of fuzzy set theory
through fuzzy sets. Concurrently, Liu (1982)
explored the definition and application of fuzzy
subrings and fuzzy ideals within rings.
Similarly, Rosenfeld (1971) utilized this idea
within group theory to establish the theoretical
foundation for fuzzy subgroups. Subsequently,
numerous scholars have dedicated their research
to the exploration of fuzzy subrings and
ideals within rings and lattices (refer to Lehmke
(1997), Malik and Mordeson (1992), Mukherjee
and Sen (1987), Swamy and Raju (1998,
1991a,b)). The concept of Almost Distributive
Lattices (ADLs) was later introduced by
Swamy and Rao (1981). Building on this,
Swamy et al. (2017) have proposed the
concepts of fuzzy ideals of an ADL and the
notion of fuzzy congruence relation on an
ADL was introduced byAlaba and Addis
(2017).
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In this paper, we extend the results of prime
and maximal concepts of fuzzy ideals in an ADL
Raj et al. (2018) to the case of congruence re-
lations of ADLs. Section 3 focuses on the dis-
cussion of an L-fuzzy prime congruence on an
ADL. Our primary achievement has been prov-
ing a characterization theorem for prime L-fuzzy
congruence, viewed simply as a prime element
within the lattice of L-fuzzy congruence. This
theorem asserts that an L-fuzzy congruence ¢
on an ADL is prime if and only if a prime con-
gruence # on an ADL exists and a prime el-
ement 4 in a frame such that ¢ = G;. This
demonstrates a direct correlation between prime
L-fuzzy congruence on an ADL and pairs (¢, 5],
where # is a prime congruence on an ADL and
4 is a prime element in L. Additionally, we in-
troduce a less stringent version of L-fuzzy prime
congruence compared to the prime L-fuzzy con-
gruence on A. In section 4, we delve into the
concept of an L-fuzzy maximal congruence on
an ADL as a proper L-fuzzy congruence, with
each of its J-cuts either being a maximal con-
gruence on A or the entirety of an ADL. Finally,
we establish a direct correlation between max-
imal L-fuzzy congruence on an ADL and pairs
(#,73), where 3 is a dual atom in L and # is a
maximal congruence on an ADL.

Throughout this paper, A stands for an ADL
(A, n, v, 0) with a maximal element and L stands
for a complete lattice (L, A, v, 0, 1) satisfying the
infinite meet distributive law and this type of a
lattice is called a frame.

2 Preliminaries

In this section, we recall some definitions and
basic results mostly taken from Swamy and Rao
{1981) and Alaba and Addis (2017).

Definition 2.1. An algebra A = (A, v, 0) of
type (2,2,0) is called an Almost Distributive Lat-
tice (abbreviated as ADL) if it satisfies the following
conditions for all a,band c € A.

1. 0Aa=0

L.avil=a

2

3an(bve)=(anb)vianc
4 avibre)=(avbnlave)
5

L avb)ac={anc)v(bnrc)

6. (avb)Ab=Dh

Any bounded below distributive lattice is an
ADL. Any nonempty set X can be made into
an ADL which is not a lattice by fixing an arbi-
trarily chosen element 0 in X and by defining
the binary operations A& and v on X by

o — {0, ifa=0

and avbh=
B, ifa#0

This ADL (X, A, v, 0) is called a discrete ADL.

Definition 2.2. Let A = (A, A,v,0) be an ADL.
Foranyaand b € A, definea < bifa=anb (=
aVbh = b). Then < is a partial order on A with
respect to which 0 is the smallest element in A.

Theorem 2.3. The following hold for any a,b and
cinan ADL A.

(1) anO=0=0naandavil=a=0va
(2) ana=a=aVa

3)anb<b<bva

4) anb=asavb=>

(5) anb=b=avb=a

(6) (anrb)re=an(bAc)(ie, Aisassociative)
(7)avibva)=avh

Bla<b=arb=a=bra(savb=b=
bhva)

9 (anb)rc=(bra)Ac
(10) (avb)rne=(bva)rc
(11) arnb=brasavb=>bva

(12) anb=inf{a,b} s anb=bras avb=
sup{a,b}.

Definition 2.4. Let I be a non empty subset of an
ADL A. Then I is called an ideal of Aif a,b € [
=avbelandanz clforall z € A

A proper ideal P of an ADL A is said to be
prime if for any .y € A, z Ay € P implies
thatx € Porye P.

An element m € A is said to be maximal if, for
any * € A, m = x implies m = x. It can be
easily observed that m is maximal if and only if
mazr=zxforallz e A.
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Definition 2.5. Let L be a frame. An element 3 in
L is a prime element in L if for any v and o € L
such that v n oo < 3, then either v < Fora < 4.

Definition 2.6. A fuzzy relation ¢ on an ADL A
is called a fuzzy congruence relation on A, if the
following are satisfied:

1) d(z,x) =1, forall = € A,
(2) dfx,y) = ¢y, z)forall z,y € A,
(3) 6(z, ) A Dy, 2) < B(x,2), forall z,y,2 € A,

@) oz, ypnag(z,t) < olzvz, yvi)Ad(ziz, yat),
forall .y, z,t € A

3 L-fuzzy Prime Congruences

In this section, we present the concept of L-
fuzzy prime congruence on an ADL A which is
weaker than that a prime L-fuzzy congruence
on A. Initially, we discuss a prime L-fuzzy con-
gruence on A as simply a prime element in the
lattice of L-fuzzy congruence. Here, we have
mainly proved a characterization theorem for
prime L-fuzzy congruence which states that an
L-fuzzy congruence ¢ on A is prime if and only
if there is a prime congruence # on A and a
prime element 7 € L such that ¢ = 75 We
define that for any set A4, an L-fuzzy relation ¢
of A x Aiscalled an L-fuzzy congruence on A.
First, we have the following.

Definition 3.1. A congruence & on A is prime if
@ £ A = Aand, for any congruences y» and ¢ on 4,

YNn{Cl=yvChorl{ CH

We denote the zero element of the lattice of all
congruence relations on A by A 4. Thatis, A,y =

{(r,y)eAxA:xr=y}

The following definition is analogous to that of
a prime congruence on A.

Definition 3.2. A proper L-fuzzy congruence ¢ on
A is called prime if for any L-fuzzy congruences
and 1 on A,

nhEe=nEgory < g

First let us recall that, for any crisp congruence
#on A and an element 7 in L, define 7, : 4 — L
by
Ba(z,y) = 1 Tf{:r.y) e f
g if{r,y) &

and that F¢ is called the g-level L-fuzzy con-

gruence.

Theorem 3.3. Let # be a congruenceon A and 3 =
L. Then the g—level fuzzy congruence S, is a prime
L-fuzzy congruence on A if and only if #is a prime
congruence on A and 3 is a prime element in L.

Proof. First we observe that 3, is a proper L-
fuzzy congruence on A iff # # Ax Aand 3 # 1.
Therefore, we can assume that # # 4 = 4 and
£ # 1. Then 3y is proper. Now, assume that # is
a prime congruence on A and /3 is a prime ele-
ment in L. Let ¢ and 7 be L-fuzzy congruences
on A such that ¢ £ s and 17 £ Fs. Then there
exists elements a, b, ¢, d € A such that ¢{a.b) jﬁ
Bala,b) and nla,b) £ Sy(c.d). Then (a,b) & 8,
(e,d} & 6, d(a,b) £ 5 and 5(c,d) £ 5. Since
/A is a prime element in L, we get that ¢(a, b} A
I’]I‘{C., d) 1){_ .S (*} L.et éo(u:b] and n‘r;(c,d] be the
congruence on A. Also, since f is a prime con-
gruence on A and (a.b) ¢ # and (c,d) & 4,
we get that oy (a6 N Ty Z # and hence we
choose (2, ) € Go(as) My(e.t Such that (z,y)
. Thus (z.y) € @¢(as) and hence @(a,b) <
@z, y). Similarly, (r,y) € 1.4 and hence
n(c.d) < nlz,y). Therefore, n(a.b) Anlc.d) <
¢z, y) Anlz,y) = (& An)(z,y). From (¥), it fol-
lows that, (¢ A n)(z,y) £ 5 = Be(x,y) (since,
(z,y) ¢ #). Therefore, & A np £ By. Thus, By is
a prime [-fuzzy congruence on A. Conversely
suppose that 4, is prime. We already have that
## AxAand § # 1. Let #; and #; be con-
gruences on A such that ¢y N#z C #. Then Fy, N
Bag = Bayrwa < Bg and hence [y, < 3 or [Fy, <
fg, which implies that #, C # or #, C f. There-
fore, # is a prime congruence on A. Next, let o
and v € L such that o A < 5. Then ag A vz =
(o Av)las < By and hence ay < Fy or vy < 5.
From this, it follows that, o« < For v < A,
Therefore, 7 is a prime element in L. O

Let us recall that for any relation # on A, the
characteristic map x4 : A x A — Lby

_ 1 if(z,y) e
13(-’»"-5'}_{0 if (z,y) ¢ 0.

Also, ¢ is a congruence on A if and only if v is
an L-fuzzy congruence on A.

Theorem 3.4. A proper L-fuzzy congruence & on
A is prime if and only if the following are satisfied.
(1) & assumes exactly two values

(2) for any a and b € A such that &(a.b) < 1,
d(a, b) is a prime element in L
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(3) &1 ={(a,b) € AxA:dlab) =1} isaprime
congruence on A.

Proof. Suppose ¢ is a prime L-fuzzy congru-
ence on A. Then we can prove (1), (2) and (3).

(1). Suppose ¢ assumes more than two values,
say, 5 and «, other than 1. Then there exists
a,b,c,d € A such that ¢(a, b) = v and ¢(c,d)} =
3. Noow, consider the L-fuzzy congruences Xg,,. .,

and 3, defined by

y _ )1 if(z.y) € dgea
X“WMLw_{oiquﬁ%@ﬂ

and

8 if (z,y) & 0.

Clearly, x4,,. ,, and 3y are L-fuzzy congruences
on A. Since, ¢(c,d) = 3, then (¢,d) € ¢ and
hence ¢i5 is a congruence on A. Therefore, g4
¢g and hence 3 = ¢(c,d) < ¢(x,y), forall (z,y)
Peic,d)- I (T, ¥) € Gy(c.a), then (Xoy . o NBo) (2. ¥) =
o (@) A Bo(2,4) = 1 A Bo(,y) < bla,y)
(since § =< @(x,y)) and if, (x,y) & Pa(e.qd), then
(x‘jdtc:d] A f)(x,y) = Xetate,a (z.y) A Belz,u) =
0 < ¢(x,y). Therefore, Xbsgom M By == @. Since
¢ is a prime [-fuzzy congruence, then either
Xopeq = @0r Bo < ¢ Butxs,, ., & ¢, since
@le,d) < 1. Thus, 3 < ¢. In particular, since
(a,b) & 8, we get that § = Fy(a,b) < ¢(a.b) =
7. Therefore, 7 < 4. Similarly, we can prove
that v < #. Thus, 3 = 7. Since ¢ is proper,
there at least z,y € A such that ¢z, y) < L
Thus ¢ has exactly two values.

(2). Let a.b £ A such that ¢(a.b) = 1. Let
[ and - be arbitrary elements in L such that
gy < da,b). Consider the L-fuzzy congru-
ences 3y and vz defined by,

Baly) = {1 if (z,y) €0

.- 1 if(zy) 0
Be(z,y) = {3 if (z,y) ¢ 0
and
) 1 ifey)en
o (2, y) = {n,- if (z,y) ¢ 6.

Note that, by (1), ¢(x,y) = &(a,b) whenever
@(x,y) < 1 and hence ¢(x,y) = ¢(a,b), for all
(r,y) e AxA—0 Now, Gg Ave = (A7) C o,
since 3 Ay < ¢(a,b). Again, since ¢ is prime,
Bs = ¢ orvp = ¢. Therefore, Fg(a,b) < @(a,b)
or vp(a,b) < ¢(a,b). But, since ¢(a.b) < 1 and
(a,b) € 8, we getthat 3 < ¢(a,b) ory < ¢(a,b).

Thus ¢(a,b) is a prime element in L.

(3). Let# = {({a.b) € A x A : ¢la.b) = 1}.
First note that # is a proper congruence on A.
Let ¢ and #2 be congruences on A such that
th M8z C 8. Then xo, M Xe, = Xo,ney < Xo = .
Since ¢ is prime, either yy, < ¢ or xy, < ¢,
which implies that ¢, € # or #2 € . Thus ¢
is a prime congruence on A. Conversely sup-
pose that conditions (1), (2) and (3) are satis-
fied. Since ¢ is an L-fuzzy congruence on A.
By (1), 1 is a value of ¢ and ¢ assumes exactly
two values. Let 3 be the value of ¢ other than
I. By (2), 8 is a prime element in L. Also, let
# = {lab) e AxA:dlab) =1} Then by
(3), #is a prime congruence on A. Now, for any
a, b e A, we have

ﬂmm={;

and hence ¢ s, which is a prime L-fuzzy
congruence on A.

if (a.b) = 0
if (a,b) ¢ 0

As a consequence of Theorems 3.3 and 3.4, we

have the following.

Theorem 3.5. Let ¢ be an L-fuzzy congruence on
A. Then ¢ is prime if and only if & = 3, for some
prime element 3 in L and a prime congruence 6 on
A

Corollary 3.6. Let & be a congruence on A. Then
Yo is a prime L-fuzzy congruence on A if and only
if 8 is a prime congruence on A and 0 a A-prime
element in L.

Theorem 3.7. For any 3 and « € L and proper
congruences 8 and ¥ on A,

Be <ypadCy
and 3 < v, where 3 and v, are G-level and ~-level
fuzzy congruences on A corresponding to 8 and 1.

Proof. Suppose that 3y < 7. Then for any (a, b}
f, 1 = Gala,b) < vy(a,b) and hence vy (a, b) = 1.
So that (a,b) £ . Therefore, # C 1. For any
(e,d) € A x A — 1, we have (¢,d) € # and
8= Bo(e,d) < ygp(e.d) = . Thus, 3 < +. Con-
versely suppose that # € ¢ and § < . For
any (a,b) € A x A, (a,b) € § = (a,b) € ¢
and fg(a,b) = 1 = yyla,b) and (a,b) € 6 =
Balc,d) = 8 < vorl = ylc.d) and hence
Bo < 7y H

Theorem 3.8. (¢, 3) — [ establishes a one-to-
one correspondence between the pair (@, ), where
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& is a prime congruence on A and 3 a prime element
in L, and the prime L-fuzzy congruence on A.

In the following, we introduce the notion of L-
fuzzy prime congruence on an ADL. First, let
us recall that the a—cut ¢, defined by

¢a={(z,y) €A xAra<d(z,y)}

Definition 3.9. A proper L-fuzzy congruence ¢ on
A is called an L-fuzzy prime congruence on A, if
foreach o € L, ¢ = A x A or ¢, is a prime
congruence on A.

Theorem 3.10. Let ¢ be an L-fuzzy prime congru-
ence on A. Then ¢(A = A)isa chain in L; that is,
foranya,b,e,de A

either ¢(a,b) < ¢(c,d) or §(c,d) < d(a,b).

Proof. Let ¢ be an L-fuzzy prime congruence
on A. Then the a-cut ¢, is either 4 = A4 or
a prime congruence on A, for all « € L. Let
a,be,d € Aand puta = ¢(a.b) v ¢(c.d). Con-
sider the congruences ¢, 5 and ¢ 4 corre-
sponding to the pairs (a,b) and (e, d) in A re-
spectively. Then
(£,4) € Do(ab) N Do(ed) = (T,Y) € Pp(ab) and
(Z,¥) € Dgc.a)
= ¢la,b) = @(z,y) and ¢(c.d) <
o(z,y)
= ¢la,b) v ¢(c,d) < ¢z, v)
= a < ¢(z,y)
= (2,¥) € ¢
Therefore, c..‘l'l,;'.[ﬂ‘b) n q:'n,ﬁ[c‘d) C ¢, and hence
Pp(ab) € Pa OF Pgea) € Pa-
NU‘D\F, ‘;’qb(a,b] < '-?:’CI = l:l],_.b:] S f.":."a
= o < ¢la,b)
= ¢la,b) v dle,d) < ¢la,b)
= ¢le,d) < ¢la,b).
Similarly, é(a,b) < dic.d) (if ¢4 4y S $a). Thus
either ¢(a, b) < ¢(c,d)or@fc,d) < ¢la,b). There-
fore, &(A x A)is a chain in L. O

The converse of the above theorem is not true;
For, consider the following example.

Example 3.11. Let I be a proper ideal of A and
L={0,0, 1} withD < o < 1. Define pon A x A

I ifr=y
olzy)=4a fr#ymdzvyel
0 ifrvyél

Then for each 3 € L, ¢ is given by

AxA ifg=0
g =44 ifl<f <o
Ay if 8 £ a,

where Ay is the zero congruence on A and

#={(z.y)c AxA:xvye I} Then ¢isan
L-fuzzy congruence on A, since g is a congruence
on A, foreach 8 € L. Also, (A4 x A) = {0,a,1}
is a chain in L, while ¢ is not an L-fuzzy prime
congruence on A if we take I to be not a prime ideal

of A.

For any a,b € A, ¢y, ) is the smallest congru-
ence on A containing the pair (a, b).

Theorem 3.12. Let ¢ be a proper L-fuzzy congru-
ence on A such that ¢(A = A) is a chain in L. Then
¢ is an L-fuzzy prime congruence on A if and only
if, forany a, b, c.d € A,

@la,b) v alc.d) = ro(z.¥) : (z,0) €
De(a,b) N Poie.d)

Proof. Forany a,b,c,d € A,

dla,b) v ole,d) = maz{d(a,b),é(c,d)} (since
&A= A) is a chain in L). Suppose that ¢ is
an L-fuzzy prime congruence on A. Let # =
{Q{Ie y} : (E.‘ y} S Q&(a,h]ﬁfﬁﬁ[c,d] } Then @.ﬁ[ﬂ:b]v
Pafed) = @z, y), forall (z. ) € dy(ap) N Cprea
and hence ¢ (q,1) V@ g(c,a) is alower bound in L.
Let 3 be another lower bound of ¢ in L. Then
B = dlz,y), forall (z,y) € dy(ab) N Pp(eq) and
hence ¢¢,(0_b] m ql)q'.’»[c:d] € ¢3. Since ¢ is an L-
fuzzy prime congruence on A, it follows that
Ps(ab) © Pp OF Gy(ca) S dp; that is (a,b) € ¢g
or (e,d) € ¢5. Therefore, 3 < ¢(a.b) or f <
dle,d) and hence 3 < @la,b) v ¢(e,d). Thus
@la.b) v @(c.d) is the infimum of # in L. Con-
versely, suppose that the given condition is sat-
isfied. Let 3 € L and # and ¢ be congruences on
A such that § £ ¢35 and ¢ £ ¢5. Then there ex-
ists (2. b) € #and (c.d) € ¥ such that (a,b) ¢ @5
and (c,d) ¢ ¢a. Thatis, 3 £ ¢(a,b) and § £
d{c,d) and hence 3 & max{p(a,b),d(c,d)} =
$(a, b)Vé(c, ). Since ¢(a, b)vé(c,d) = A{d(z,y) :
(r,¥) € Pojap) N Pafe.a ) it follows that 7 £
#(z,y) for some (x,¥) € dp(ap) N Bpieq) € #NY
and hence # M1 € ¢5. Therefore, g5 = 4 x A
or ¢ is a prime congruence on A. Thus ¢ is an

L-fuzzy prime congruence. [

In the following theorem, we discuss the inter
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relationship between prime L-fuzzy congruence
and [-fuzzy prime congruence on A.

Theorem 3.13. Every prime L-fuzzy congruence
on A is an L-fuzzy prime congruence on A and the
converse of this is not true.

Proof. Let ¢ be a prime L-fuzzy congruence on
A. Then by Theorem 3.5, there exists a prime
congruence ff on A and a prime element 7 in L
such that ¢ = F4. Since § < 1, ¢ is proper. Also,
since ¢{A x A} = {7, 1}, #({A = A) is a chain in
L. We use Theorem 3.12, to prove that ¢ an L-
fuzzy prime congruence on A. Leta, b,c.d € A
MNow,

(a,b) e Bor(e,d) e @ = dlab)=1or e, d) =
1 and @ppap) N Psea) S

= ola,b) v o(c.d) =1 and @(x,y) = 1. for all
(z,9) € Dp(a,b) N Og(e.d)

= dla,b) v éled) =1 = n{o(z,y) : (z.¥)
Doap) N Dage,q) | and

(a,b) & #or (c.d) & 8 = oa,b) =58 = olc.d)
and ¢y(a.p) N Ppeay E 0

= ola,b) Vv dle,d) = Fand (x,y) € 8, for some
(7,9) € Ppaty N Dafe.a

= ¢la.b) v ¢le.d) = 8 = ¢z, y), for some
(Z.7) € Dgiaty N Paie.a

= d(a.b) v dle,d) = B = A{d(z,y) : (z.3) €
Deiab) N Doe,d) -

Thus, ¢(a.b) v ¢le.d) = A{dlx.y) @ (z,y) £
Difab) 1 Os(e.q) |- Therefore, by Theorem 3.12, ¢
is an L-fuzzy prime congruence on A. |

Example 3.14. Let P be a prime ideal of A and
L={0,a,1}with0 < a < 1. Definepon A = A

1 ifr=y
dlr,y)=4a ifrfyadzvyeP
0 ifxvyég P

Then for each v € L, ., is given by

AxA ify=0
7 ifl<vy<ao
Aa if v £ o,

where A,y is the zero congruence on A and 6 =
{lzy) € AxArxvy e Py Clearly, ¢, isa
congruence on A, for each v € L. Therefore, ¢ is an
L-fuzzy congruence on A. From the given above, ¢
has more than two values. Thus ¢ is not a prime L-
fuzzy congruence on A. However, ¢ is an L-fuzzy
prime congruence on A, since, for each ~, -, is ei-
ther A x A or a prime congruence on A. Note here

¢y =

that the above 8 and A 4 are prime congruences on
A; for, let 8, and 6, be any congruence on A. Then
B, € A and 0z € Ay = There exists z,y,z,t €
Asuch that (z,y) € 6y and (=, t) € b,
rFEyandz #1= (zA(zVE},yA(sz}) =X
and (z v t,0) € 62

= (x;’\{z\ff},_yh(zvt)) €6, (xr\(zw),t}) & 6,

and (yA(th].D}) < by

= (:r:f\(z\ff},_yn[z\a‘t)) €0,Nby, TA(2VE) #
yA(zviE)

=t Nt € A,

Thus A 4 is a prime congruence on A. Similarly, #
is @ prime congruence on A.

4 [-fuzzy Maximal Congruence

In this section, we introduce the notion of max-
imal L-fuzzy congruences and [L-fuzzy maxi-
mal congruences on ADL A and discuss vari-
ous properties of these. A proper congruence
on an ADL A4 is said to be maximal if it is not
properly contained in any proper congruence
on A; (equivalently, for any congruence i) on A,
i € o implies that either # = ¢ or v = A x A).
Also, an element @ # 1 in L is called a dual
atom if there is no A £ L such that o = 3 = 1.
Clearly, « is a dual atom if and only if o is a
maximal element of I — {1}. Here 1 stands for
the largest element in L. Hereafter A stands for
an ADL with a maximal element.

Definition 4.1. A proper L-fuzzy congruence of an
ADL A is called a maximal L-fuzzy congruence on
A if it is a dual atom in the lattice of the set of all
proper L-fuzzy congruences on A under the point-
wise partial ordering.

In the following, we determine all the maxi-
mal L-fuzzy congruences on A by establishing
a one-to-one correspondence between maximal
L-fuzzy congruences on A and pairs (#, ), where
f is a maximal congruence on A and /5 a dual
atom of L. First, we have the following corol-
lary.

Corollary 4.2. For any L-fuzzy congruence ¢ on
ADL Aand o € L, we define ova by (ove)(z,y) =
Pz, y) Vo, forall (z.y) € Ax A Then ¢V o is
an L-fuzzy congruence on A.

Theorem 4.3. Let ¢ be a proper L-fuzzy congru-
ence on A. Then ¢ is maximal if and only if & = Sy
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for some maxinal congruence 6 on A and a dual
atom 3 in L.

Proof. Suppose that ¢ is a maximal L-fuzzy con-
gruence on A. Let ff be the 1-cut ¢, of ¢; that
is, # = {{a.b) € A x A : d(a,b) = 1}. Then
f is a congruence on A and, since ¢ is proper,
1 # A= A. Clearly # is not empty. We prove that
¢ assumes exactly one value other than 1. Since
¢ is proper, ¢(a,b) < 1 for some a,b £ A. Let
a,b,c,d € Asuch that ¢(a,b) < 1 and ¢(c,d) <
1. Puty = &(a,b) and 3 = ¢(c,d). Then ¢ v
and ¢ v 3 are L-fuzzy congruences on A (by
Theorem 4.2). Also, (¢ Vv y)(a,b) = ¢(a,b) vy =
vy =< 1and {cpv Blle,d) = ¢le,d) v 3 =
< 1and hence ¢ < ¢V 3 < 1. By the maximal-
ity of ¢, we have ¢ = ¢vy = @V, In particular,
A =dled) =(dpVy)cd) =dlcd)vy=0Fvy
and v = ¢(a,b) = (¢ v B)(a,b) = ¢la,b) v E =
~ W 4 and hence v = 3. Therefore, ¢ assumes
exactly one value, say 3 other than 1. Then

sap) =4+ @b €0(=d)
CUUTB (abes.

Therefore, ¢ = Fs. 1f ¢ is a proper congruence
on A such that # < o, then¢ = s < Gy # 1
and by the maximality of ¢, we get that 5, = 3,
and hence # = 4. Thus, # is a maximal congru-
ence on A. Also, if v € Lwith 7 < ~ < 1, then
¢ = s = 79, and again by the maximality of
@, B3 = 7 and hence v = A. Thus, 7 is a dual
atom in L. Conversely suppose that ¢ = 3,
where ! is a maximal congruence on A and a
dual atom J in L. Since f is a proper congru-
ence, there exists ¢, d € A such that (c,d) & #
and hence ¢(c,d) = Fs(c,d) = F < 1. There-
fore, ¢ is proper. Let i be an L-fuzzy congru-
ence on A such that ¢ < i < 1. Then § = ¢, C
m # A x A Since # is maximal, we get that
8 =m = {{a,b) € A xA:nlab) = 1}; that
is, pla,b) = 1, for all (a,b) € €. If (a,b) & 6,
then # = Bg(a, b) < nla.b) < 1 and hence 7 =
rj(a, b}, since 3 is a dual atom in L. Therefore,
@ = [y = 1. Thus ¢ is maximal. O

The following result is an immediate consequence

of the above result.

Theorem 4.4. ¢ — (. 3) is a bijection correspon-
dence between the set of pairs (8, 3), where 8 is a
maximal congruence on A and 3 a dual atom in L
and the set of maximal L-fuzzy congruence on A.

Proof. For any proper congruences # and i on
A and elements 5 and v in L such that 5, = v,
(a.b) e 8= 1= Fg(a,b) = yy(a,b)
= (a,b) ey

and (a,b) ¢ # = 3 = [e(a,b) = vy (a,b)

= Yypla.b) =1

= (a.b) & v
and hence # = ¢ and v = 4. Therefore, the
Theorem is an immediate consequence of 4.3.

a

Definition 4.5. A proper L-fuzzy congruence ¢ on
A is called an L-fuzzy maximal congruence on A if,
foreach 5 € L, ¢g is either A x A or a maximal
congruence on A.

The following theorem provides several exam-
ples of L-fuzzy maximal congruences on ADLs.

Theorem 4.6. Let 8 be a maximal congruences on
Aand g < 1in L. Then B is an L-fuzzy maxinul
congruence on A. In particular, xg is an L-fuzzy
maximal congruence on A.

Proof. Put @ = fF¢. Then for any z,y € A4, we
if (z,y) 0

have
. - 1
o(x,y) = {5 if (z,y) € 90.

Clearly, ¢ = {(z, y}eAxA dlx,y) = 1_}
Since # < 1 and # is proper, it follows that ¢ is
proper. Now, for any v € L, we have
T=fA=2AxA=0¢0,Codg=0g=Ax A
and v £ =0 C ¢, # A x A(since (z,y) &
= glz.y)=F= (z,y) ¢ ‘;""-r)
= i, = f (since f = ¢ C @).

Therefore, for each v € L, either ¢, = A4 < A
or ¢, is a maximal congruence. Hence the the-
orem. O

Theorem 4.7. Let ¢ be an L-fuzzy maximal con-
gruence on A. Then the following holds good.

(1) & is a maximal congruence on A

(2) There exists a largest element 3 € L such that
pg=AxA

(3) o assumes exactly two values.

Proof. (1) Recall that ¢y = {(z,y) € 4 = A :
d(x,y) = 1}. Since ¢ is proper, ¢z, y) # A x
A, for some x.y € A and hence ¢, is a proper
congruence on A. Therefore, ¢ is a maximal
congruenoe on A.

(2) Since ¢ is proper, we have ¢, # A x 4 and
o = A x Al PutS—V{QEL a:-a=AxA}

Then E.‘J'g = @V{QEL Pa=Ax4} = U =
ol de=AxA
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A x A, Clearly, for any o L,
a<B=¢5C g => AxAC by = g = AxA
and g, =AxA=a<j

(3) By(1), ¢n is a maximal congruence on A. Put
# = ¢. Then vy < ¢ and hence ¢ = [y for some
4 € L. Since ¢ is proper and # < 1. Now,

1 if(ab)ed
Mmm_{ﬁiﬂmmgﬁ

Thus ¢ assumes exactly two values, namely 1
and 4. O

Theorem 4.8. A proper L-fuzzy congruence ¢ on
A s an L-fuzzy maximal congruence on A if and
only if ¢ = Ba for some 8 < 1 in L and maximal
congruence fl on A.

Proof. Suppose that ¢ is an L-fuzzy maximal
congruence on A. Let # = ¢;. Then by 47(1), #
is a maximal congruence on A. Also, by 4.7(3),

¢ assumes exactly two values. Clearly 1 is a
value of ¢. Let 3 be the other value of ¢ other
than 1. Then 4 < 1 and forany a, b A

I B 1 if{a‘b}eg
@(a,b) = {5 if (a,b) ¢ 0

and hence ¢ = ;. Converse follows from 4.6.

O

Corollary 4.9. Let 8 be a proper congruence on A.
Then 6 is a maximal congruence on A if and only if
XI5 an L-fuzzy maximal congruernce on A.

Corollary 4.10. Every maximal L-fuzzy congru-
ence is an L-fuzzy maximal congruence on A and
L-fuzzy maximal congruence is an L-fuzzy prime
congruence on A,

The converse of the above corollary is not true;
for, consider the following example.

Example 4.11. Let [0, 1], the closed unit interval
in the real number system. Then L is a frame with
respect to the usual ordering. Forany 0 < 3 < 1
in L and @ is a maximal congruence on an ADL A
with a maximal element, 3, is an L-fuzzy maximal
congruence on A but not maximal, since L has no
dual atom.

5 Conclusion

In this work, we study on the primeness and
maximality of the set of all L-fuzzy congruence

relations of a given ADL with truth values in
a complete lattice L satisfying the infinite meet
distributive law. In our future of work, we will
focus on to investigate the L-fuzzy prime o-
cong-ruence and L-fuzzy prime a-ideals and
study their relationship between these.
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